EXCEPTIONAL COLLECTIONS ON ISOTROPIC GRASSMANNIANS 



ALEXANDER KUZNETSOV AND ALEXANDER POLISHCHUK 



Abstract. We introduce a new construction of exceptional objects in the derived category of coherent 
sheaves on a compact homogeneous space of a semisimple algebraic group and show that it produces 
exceptional collections of the length equal to the rank of the Grothendieck group on homogeneous spaces 
of all classical groups. 



Contents 

1. Introduction 

1.1. An overview of exceptional collections on homogeneous varieties 

1.2. The statement of results 

1.3. An overview of the construction 

1.4. Further questions 

1.5. The structure of the paper 

1.6. Acknowledgements 

2. Preliminaries 

2.1. Notation 

2.2. Roots and weights 

2.3. Weyl group action 

2.4. Representations 

2.5. Special representatives 

2.6. Equivariant bundles lA^ and Borel-Bott-Weil Theorem 

2.7. The canonical class 

3. Exceptional blocks 

3.1. The ^-ordering 

3.2. The forgetful functor and its adjoint 

3.3. Exceptional bundles £^ 

3.4. Properties of exceptional blocks 

3.5. The output set and the criterion of exceptionality 

4. On strongness and purity 

5. Constructing exceptional blocks 

5.1. Cores 

5.2. The setup 

5.3. The indexing set 

5.4. The first approximation 

5.5. Very special representatives 

5.6. Exceptional collections 

6. Verification of the invariance condition 



2 
2 
3 
4 
8 

2. 

9 
9 
9 
10 
10 
12 

13 
11 

15 
16 
16 
18 
18 
19 
20 
22 
23 
24 
24 
25 
26 
26 
27 
28 



A.K. was partially supported by RFFI grants 10-01-93110, 10-01-93113, 11-01-00393, 11-01-00568, 11-01-92613-KO-a, 
NSh-4713. 2010.1, the grant of the Simons foundation, and by AG Laboratory SU-HSE, RF government grant, 
ag.ll.G34.31.0023. A.P. was partially supported by the NSF grant DMS-1001364. 

1 



7. Adapted weights and compatibiUty condition 3C 

7.1. Preparations 3C 

7.2. Proof of the compatibiUty 33 

8. Explicit description of the exceptional blocks 34 

8.1. The big blocks 34 

8.2. The small blocks 36 

9. Explicit collections for classical groups 36 

9.1. Isotropic Grassmannians 37 

9.2. Orthogonal maximal isotropic Grassmannians 4C 

9.3. Purity for maximal isotropic Grassmannians 41 

9.4. Numbers of objects 42 

9.5. Proofs 45 

9.6. Usual Grassmannians 45 

10. Appendix. The Key-Proposition 46 
References 5C 



1. Introduction 

The study of derived categories of coherent sheaves on algebraic varieties has been an increasingly 
popular subject in algebraic geometry. One of important devices relevant for this study is the notion of 
an exceptional collection (see 1 1.1 1 below). In the present paper we give a new general construction of such 
collections in the derived categories of compact homogeneous spaces of semisimple algebraic groups and 
show that for classical groups it gives exceptional collections of maximal length. 

1.1. An overview of exceptional collections on homogeneous varieties. Let k be a base field 
which we assume to be algebraically closed of characteristic 0. Recall that an object ii^ of a k-linear 
triangulated category T is exceptional, if 

Ext' {E,E) = k 

(that is E is simple and has no higher self-Ext's). An ordered collection Ei, . . . , Em in T is an exceptional 
collection, if each Ei is exceptional and 

Ext'{Ei,Ej)=0 

for all i > j. Finally, an exceptional collection £^i, . . . , Em is full, if the smallest triangulated subcategory 
of T containing all the objects Ei, . . . , Em is T itself. 

The simplest geometrical example of a full exceptional collection is the collection 

{0,0(l),...,0(n-l),0(n)}GP(P") 

in the bounded derived category of coherent sheaves on P" constructed by Beilinson in his pioneering 
work [Beij . After that a vast number of exceptional collections was constructed by Kapranov in |Kap| . 
In fact, he constructed full exceptional collections of vector bundles on all homogeneous spaces of the 
simple algebraic groups of type A and on quadrics (which are special homogeneous spaces of types B 
and D). This naturally led to the following conjecture. 

Conjecture 1.1. If G is a semisimple algebraic group and F C G is a parabolic subgroup of G then 
there is a full exceptional collection of vector bundles in V(G/P). 
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Up to now only partial results in this direction were obtained. Below we list all minimal homogeneous 
varieties of simple groups (corresponding to maximal parabolic subgroups) for which a full exceptional 
collection was constructed. Recall that simple algebraic groups are classified by Dynkin diagrams that 
fall into types A, B, C, D, E, F and G. Maximal parabolic subgroups correspond to vertices of Dynkin 
diagrams for which we use the standard numbering (see |Bou] ) . Thus, we denote by Pj the maximal 
parabolic subgroup corresponding to the vertex i. 

Type An'. A full collection was constructed by Kapranov in |Kap| . 

Type Bn' For P = Pi (so that G/P = Q^"~^, a quadric of dimension 2n — 1) a full exceptional 
collection was constructed by Kapranov in |Kap| . For P = P2 (so that G/P = OGr(2,2n + 1), 
the Grassmannian of lines on Q^""^) a full exceptional collection was constructed in |K08| . For 
n = 4 and P = P4 (so that G/P = 0Gr(4, 9) = 0Gr_|-(5, 10)) a full exceptional collection was 
constructed in [K06]. 

Type Cn-. For P = Pi (so that G/P = P^"-^), the Beihnson's collection works. For P = P2 (so 
that G/P = SGr(2,2n), the Grassmannian of isotropic lines) a full exceptional collection was 
constructed in [K08j . For n = 3, 4, 5 and P = P„ (so that G/P = SGr(n, 2n), the Lagrangian 
Grassmannian) full exceptional collections were constructed in |S01] and [PS] . 

Type Dn'- For P = Pi (so that G/P = Q^"""^, a quadric of dimension 2n — 2) a full exceptional 
collection was constructed by Kapranov in |Kap| . For P = P2 (so that G/P = OGr(2,2n), the 
Grassmannian of isotropic lines on Q^"'"^) an almost full exceptional collection was constructed 
in [K08] . 

Type En' For n = 6 and P = Pi (or P = Pg) an exceptional collection was constructed by Manivel 

in [Man]. However its fullness is not proved. 
Type F4: For P = P4 (so that G/P is a hyperplane section of Eq/Pi) an exceptional collection 

can be constructed by restricting the Manivel's collection. 
Type G2: For P = Pi (so that G/P = Q^) the Kapranov's collection works. For P = P2 a full 

exceptional collection was constructed in |K06| . 

1.2. The statement of results. The main result of the present paper can be formulated as follows. Let 
us say that an exceptional collection on an algebraic variety is of expected length, if the length equals the 
rank of the Grothendieck group rk(KQ{X)). Note that if Kq{X) is a free abelian group then this implies 
that the corresponding classes generate Kq{X). 

Let us say that a simple group G is of type BCD if its type is either or C„, or Dn- 

Theorem 1.2. Let G be a simply connected simple group of type BCD. Then for each maximal parabolic 
subgroup P C G there is an exceptional collection of expected length in P(G/P) the objects of which have 
a G-equivariant structure. 

Note that the existence of a G-equivariant structure here is a general result (see |P1H Lem. 2.2]) but 
also comes naturally from the construction. The G-equivariant structure on objects of our collections 
allows to construct a relative exceptional collection on any fibration with fiber G/P (see \S07\ Thm. 3.1]). 

Corollary 1.3. Let G and P be as in Theorem and let Q X be a principal G-bundle, where 
X is an algebraic variety. Consider the corresponding fibration Y = Q xq, (G/P) — X. Then there 
is a semiorthogonal decomposition ofD^iY) consisting 0/ rk(/Co(G/P)) subcategories, each equivalent to 
T)^{X), and possibly an additional subcategory. In particular, if X has an exceptional collection of the 
expected length then so does Y . 

Now note that for an arbitrary (not maximal) parabolic subgroup P C G the homogeneous space G/P 
has a structure of an iterated fibration with fibers of the form Gj/Pj, where Gj are semisimple algebraic 
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groups and Pj C Gj are maximal parabolic subgroups. Moreover, if G is of type BCD then all Gj are 
of type BCD as well. So, applying Corollary 11.31 several times we conclude that 

Corollary 1.4. If G is a simple group of type BCD and P C G is a {not necessary maximal) parabolic 
subgroup then there is an exceptional collection of expected length in P(G/P). 

We conjecture that the exceptional collections we construct are full and possess further nice properties 
that we checked in some special cases (see Conjecture II. 9p . 

Finally, we would like to stress that our construction of an exceptional collection is quite general: we 
use special properties of types BCD only in some computations. So, we hope that the approach of this 
paper can be used to construct full exceptional collections for all the remaining homogeneous spaces (i.e., 
for the exceptional groups Eq, Ej, Eq and F4). 

1.3. An overview of the construction. The main part of any construction of an exceptional collection 
is to find sufficiently many exceptional objects. For a homogeneous variety it is natural to try equivariant 
bundles. 

Note that when we fix a type of a simple group we have several choices of the group itself, ranging from 
simply connected to adjoint cases. The simply connected group has the most rich category of equivariant 
bundles. On the other hand, the homogeneous varieties for all groups of a given type are the same. 
Because of this from now on we will assume that G is simply connected. 

Recall that there is an equivalence of the category of G-equivariant coherent sheaves on G /P and the 
category of representations of P: 

Coh^(G/P) ^ RepP, 

see |BKj . In fact, it is an equivalence of tensor abelian categories. In particular, each representation of P 
can be considered as a vector bundle on X = G/P. The group P is not reductive, so its representation 
theory is rather complicated. Let us start by considering the semisimple part of the category, Rep^^'^P. 
This semisimple part is the subcategory of representations on which the unipotent radical U acts trivially. 
Thus, it is equivalent to RepL, where 

L = P/U 

is the Levi quotient (the equivalence Rep**** P = Rep L is given by the restriction functor for the projection 
P — >■ L). The Levi group L is reductive, and its weight lattice Pl is canonically isomorphic to the weight 
lattice Pg of the group G. We denote the cone of L-dominant weights by C Pl and the cone of 
G-dominant weights by Pq C Pg- Irreducible representations of L are parameterized by their highest 
weights which are L-dominant. For each L-dominant weight A G P^ we denote by V-^ the corresponding 
irreducible representation of L, as well as its restriction to P, and by the corresponding G-equivariant 
bundle on X = G/P. 

In type A there are sufficiently many exceptional bundles among the ZY^'s, so one can construct an 
exceptional collection of expected length out of them. However, for other types the situation is not so 
nice. Although all are exceptional in the equivariant derived category 2?^ (A), it turns out that only 
few of them are exceptional in 'D(X). For example, in the case when G is of type Cn and P = Pn, so 
that A = SGr(n, 2n) (the Lagrangian Grassmannian), one can check that U''^ is exceptional if and only if 

X = UJi+ tUn, 

where is the fundamental weight of the vertex i of the Dynkin diagram. Since also Kx = 
one can deduce easily that the maximal possible length of an exceptional collection for A consisting 
of vector bundles of the form Z//^ is n{n + 1) (we have n choices for i and n -\- 1 choices for t in the 
above formula for A), whereas rk(Ao(A)) = 2". So, for n > 5 we have no chance to find an exceptional 
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collection of expected length consisting only of U'^. In other words, we need to introduce another class 
of P-modules. In fact, this is the most interesting problem discussed in this paper. 

To explain how we do it let us return to the example of the group G of type Cn and of P = P„. Recall 
that in this case the lattice of weights is 

/^ = Pg = Z" = {(Ai,...,A„)}, 

and the dominant cones can be described as 

P+ = {Ai > A2 > • • • > A„ > 0}, = {Ai > A2 > • • • > A„} 

(the Levi group L in this case is isomorphic to GL„). Take any integer < a < n and consider a subset 
(a block) 

Ba = {n > Ai > A2 > ■ • • > Aa > Aa+1 = • • • = A„ = a}. 
Its elements can be viewed as Young diagrams inscribed in (n — a) x a rectangle. In particular. 



It turns out that for the weights within such a block B = Ba the following amusing property is 
satisfied: the canonical map 

is an isomorphism (here Extc stands for the Ext groups in the derived category V'^{X) of G-equivariant 
coherent sheaves on X, and the map is given by the composition of equivariant Ext's with Horn's). 
Now, having this property one can formally check that 

• considering {W^j^eBa as a (nonfuU) exceptional collection in D*^(X), 

• passing to the right dual exceptional collection {£^}\(zq^ in V^{X), and then 

• forgetting the equivariant structure on all £^ 

one obtains an exceptional collection, {^'^}AeBa in T^i,^) which generates the same subcategory as the 
original (non-exceptional) collection {lA^}. This strange procedure can be considered as the central 
construction of the paper. To make it work in general we introduce a notion of an exceptional block 
B C . By definition, an exceptional block is a subset B C of L-dominant weights such that the 
morphism (★) is an isomorphism. The procedure described above produces an exceptional collection 
{£^}x^^ generating the category 

^B := {U^)xeB- 

However, in general one cannot find an exceptional block of expected length, so to obtain an exceptional 
collection of expected length we combine several exceptional blocks which are semiorthogonal, i.e. all Ext's 
between blocks in the order-decreasing direction vanish. For example, for G of type C„ and P = P^t 
we take all the blocks B^ described above. Note that the total number of exceptional objects then is 

E'^ ('n'\ _ nn 
a=0 \a) ~ ■ 

Our construction depends on several choices (subject to one restriction) that we are going to ex- 
plain now. Let D = Dc be the Dynkin diagram of G. Denote by /3 the simple root (a vertex of D) 
corresponding to the maximal parabolic P, and by ^ the corresponding fundamental weight of G. 

We choose a connected component oi D\ P, called the outer component and 
denoted by -Dout- We also allow -Dout to be empty. 
The restriction is 



(R) 



If -Dout is nonempty then it is a Dynkin diagram of type A. 
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We denote the complement of /? and I?out by -Dinn 

i^inn = i^G \ (^out U /3) 

and call it the inner component of Dq. We consider the simply connected subgroups 

Lout 5 Linn C L 

corresponding to the subdiagrams -Dout > -Dinn C D\/3 = D\, and denote by 

i '■ Linn L, o : Lout ~^ L 

the embeddings. Abusing the notation we denote the embeddings of these subgroups into G by the same 

letters. Our restriction on Dout means that Lout — SL^ for some A; > 1. 
The next choice is the following. 

We choose a chain of vertices 1, 2, . . . , 6 G -Dout starting at a terminal vertex 1 
of the diagram D and ending at the vertex b which is adjacent to /3. 

Here in fact we have at most two different choices (since we assumed that -Dout is of type A). Note that 
for classical groups (types -B, C and D) the standard numbering of vertices has the required property. 
We have the following decreasing chain of Dynkin subdiagrams in Vq,: 

D>a = D>G\{l,...,a} 

for a = 0, 1, . . . , 6. Let 

/ia : H„ ^ G 

be the embedding of the simply connected subgroup corresponding to the subdiagram Da- Note that 
Linn C Ha sincc -Dinn C -Dq, SO the embedding i : Linn — ^ G factors through an embedding Linn 
that we will also denote by i. If K is any of the groups G, L, Linn ; Lout; then we denote by Pk 
(resp., Wk) the corresponding weight lattice (resp., Weyl group). 
The third choice is the following. 

(C3) For each a = 0, 1, . . . , 6 we choose a strictly dominant weight 5a £ ■ 

For each a = 0, 1, . . . , 6 we define a polyhedron in (g) M by 

R5„ = {A G Ph„ ® M I V«; G Wh„ (A, w5a) < (ph., (^a)} 

We will refer to R^^ as the core in Ph^ ® I^- 

We denote by Va the index of the Grassmannian Ha/(P fl Ha) (the maximal integer dividing the 
canonical class of Ha/(P fl H^) in the Picard group). One can easily see that this sequence is strictly 
decreasing 

r = ro > ri > • • • > r^-i > r(, > 0. 

Let us denote by 9 an element of Pl ® Q such that 

61 G (wi, . . . ,tjfe_i)^ n Keri*, and (0,^) = ! 

(it is easy to see that such 9 always exists and is unique). Note that the set {9, Pi,) of all scalar products 
of 9 with weights of L is a sublattice of Q containing Z. For example, let us describe {9, Pi,) for all 
classical groups (using the standard numbering of vertices). If G is of type C then 9 = ook — Wfc-i and 
(^; Pl) = Z; if G is of type B and fc < n — 1 or G is of type D and k < n — 2 then 9 = LOk — ^^k-i and 
(^1 Pl) = Finally, if G is of type B and A; = n or G is of type D and k > n — 1 then {9, Pi) = Z. 
On the other hand, if G is of type Eq then the lattice {9, Pi,) can be equal to |Z or gZ depending 
on the root p. 

Consider the following segment of the lattice {9, Pi,): 

J = {jG(9,PL) I 0<j<r}. 
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For each j G J we will construct an exceptional block Bj C , such that the the union of the corresponding 
exceptional collections over all j G J will be an exceptional collection of expected length in 'D(X). 
For each j G J we define an integer a(j), < a(j) < 6 by the condition 



TaQ) <j < r-r„(j)+i, 

ha{i) and Rj = R^^ 



For brevity we will write Hj 

First, we construct for each j G J a block Bj of the form 

gout 



Oa(j) • 



Bi 



+ jC + i*(BD 



with B?"* G Ker /i? 



(wi, W2, • • • ,i^a(j)-i) (called the outer part of the block), and B'"" C -PLi„„ (called 
the inner part of the block). The inner part is given by 



ginn 



Lin 



(1) ± 2u{wiy) G Rj for all w G Wj^.^^ 

(2) je + i*z^GPL 



and then the outer part is defined by 



jout 



H G Ker h- n 



for all I/, ly' G B|"", wl. 



Wt . 1^') G Rj 



e WL„„t' and WLi: 



Note that by definition of 6 we have {6, Bj) = j. So, the pairing with 9 gives the ordering of the blocks. 

We check that the blocks Bj constructed above are exceptional provided the group G is of type BCD 
(for other types one has to modify slightly the definition of the outer part by taking into account some 
very special elements of the set SRq, see details in section 15. Sp . Hence, for each j G J the category 
{U'^ )x£Bj is generated by an exceptional collection. However, it turns out that these subcategories are 
not semiorthogonal, so we have to make our blocks slightly smaller. Let R? denote the interior of the 
core Rj . We define the subsets B' C Bj for j G J recursively (starting from j = 0) by 



ginn 



G B? 



for all ]' <], 1^' e B?,"", and wl. , w'-, G Wl- 

J J ■ J ■'-'inn" -Linn ^iriri 

one has pu., - (j - j')C - w^ir.J*'^ + '^'■Li^J*'^' ^ 



Then we set 



jout 



Ao G B 



out 



for all j' < j, G B]"", i^' G Bjr, G Wl,„„, and wj^ G Wl 

one has pu-, - /1j*(wlAo + (j - j')C) - w-Li^J*'^ + '^'unJ*'^' ^ ^j* 



and, as before. 



B, 



gout 



,-jc+i*Br- 

Note that B""* is a set of linear combinations of fundamental weights wi, . . . ,uJaQ) with nonnegative 
coefficients. These can be considered as Young diagrams — a weight xiuji + • • • + XqWq corresponds to 
the Young diagram with Xi rows of length i. Let us say that the set B°"* is closed under passing to Young 
subdiagrams if the corresponding set of Young diagrams is. 

Here is a more precise version of our main result. Consider the subcategories 

Theorem 1.5. (i) For each simply connected simple group G the collection of categories 
constructed above is semiorthogonal. 

(a) Fori S J such that B°"* is closed under passing to Young subdiagrams, the block Bj is exceptional. 



(in) If G is a group of type BCD then the choices (CI), (C2), (C3) can be made in such a way that the 
assumption of (ii) is satisfied for aZ/j E J and the resulting exceptional collection 

(1) {S'}xeB,,ie^ 
in 'D{X) is of expected length. 

Note that Theorem 11.21 follows from this. 

Conjecture 1.6. The exceptional collections constructed in the Theorem 1 1 . 5]f iii) are full. 

Remark 1.7. We believe that every exceptional collection of expected length on G/P is full. This would 
follow from a much more general Nonvanishing Conjecture, see \K09\ Cor. 9.3]. 

Recall that an exceptional collection Ei, . . . , Em in a triangulated category T is strong, if 

Ext^O(^i,^,) = 

for all i,j. An advantage of a strong exceptional collection is that it gives an equivalence of the category 
T with the derived category of modules over an algebra End(0-Ei) (for a non-strong collection one has 
to deal with a DG-algebra). Let us say that an exceptional collection is pure if all Ei are vector bundles. 

Theorem 1.8. For the blocks of the collections constructed in Theorem 1 1 . 5\( i) strongness and purity are 
equivalent. 

In fact, we conjecture that 

Conjecture 1.9. The collections constructed in Theorem 1 1 . 5\( iii) are pure and blockwise strong. 

We verify this conjecture for all maximal isotropic Grassmannians (symplectic and orthogonal). 

1.4. Further questions. There are several questions to be investigated. 

Question 1.10. Is there a way to make choices (C1)-(C3) in a canonical way? Is restriction (R) really 
necessary for the construction. 

It seems that our constructions should work under a certain weakening of the restriction (R) which 
would allow to construct many nontrivial interesting exceptional collections even for V^{Gr{k,n)). In 
particular, it would allow to construct an exceptional collection in P^(Gr(A;, 2k)) which is invariant under 
the outer automorphism. For more details see section 19.61 

Question 1.11. Assume that G is an exceptional group (types Eq, Et, Eg and -F4). Is it possible to make 
the choices (C1)-(C3) in a way analogous to Theorem ll.5( iii). so as to get an exceptional collection of 
expected length? 

Note that in the case of groups of type BCD this is a result of direct calculation without an a priori 
explanation. It would be nice to understand the combinatorics behind this coincidence. Recall that the 
rank of the Grothendieck group Kq(G/P) is equal to |Wg/Wl|, so the following question seems natural. 

Question 1.12. Find a decomposition of the set Wq/Wl = jjjgj Wj and a bijection between the sets Wj 
and the sets Bj. 

The above decomposition should depend on a chain of subgroups C . . . Hi C Hq = G. 
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1.5. The structure of the paper. We start by collecting in section [2] the notation and basic facts 
about representation theory of algebraic groups. 

In section [3] we define exceptional blocks, prove that they produce exceptional collections, investigate 
their properties, and state a criterion of exceptionality of a block. 
In section S] we discuss strongness and purity of the collections. 

In section [5] we define the blocks Bj and Bj and show that (Aj) is a semiorthogonal collection of 
subcategories. 

In section [6] we verify the first part of the criterion — the invariance condition — for Bj and Bj . 
In section [7] we verify the second part of the criterion — the compatibility condition — modulo a 
technical assumption (that the outer part of each block is closed under passing to Young subdiagrams) 
In section [8] we rewrite the definition of the blocks in a more explicit form. 

In section [9] we write down the precise choices for classical groups and prove that they give exceptional 
collections of expected length. 

Finally, in the Appendix (section [TO]) we prove a certain property of representations of the general 
linear group which is used for the proof of exceptionality of the blocks. 

1.6. Acknowledgements. A.K. is very grateful to Misha Finkelberg and Serezha Loktev for numerous 
patient explanations of representation theory. 

2. Preliminaries 

2.1. Notation. 

(1) Groups 

• G, a simple simply connected algebraic group; 

• P C G, a maximal parabolic subgroup; 

• U C P, the unipotent radical; 

• L = P/U, the Levi quotient, there is also an embedding L C P C G; 

• Linn C L, the inner part of L, see section [5^ 

• Lout C L, the outer part of L, see section [5^ 

• Ha C G, Linn C Hq, a semisimple subgroup, see section [521 

• Ma = L n Ha, the Levi of H^; 

• Mfl^inn = Linn H Hq = Linn, the inner part of the Levi of H^; 

out — Lout n Hq,, the outer part of the Levi of H^; 

(2) Roots, weights 

• D = Dg, Di^.^^ = Dinn C D, DLout = Dout C D, Du, = DaC D, the Dynkin diagrams; 

• Qg, Ql, QLi„„, ^Lout' <5h,, the root lattices; 

• Qg' Ql' Qi- ' ^Lout' ^Ha' cones generated by simple roots; 

• Pg, Pl = Pl, ^Li„„, -PLout> Pna, the weight lattices; 

• P+ C Pg, P^ C Pl, P^^^^ C P^^^^ C P^^ C Ph., the dominant cones; 

• Oj, the simple roots; 

• uji, the fundamental weights; 

• /3, the simple root corresponding to the maximal parabolic P; 

• S,, the fundamental weight corresponding to the maximal parabolic P; 

• p = PG = EieDo ^ 

• (—,—), the scalar product on the root /weight lattices; 

(3) Weyl groups 

• Wg, Wl, WLi„„, WL,„t> Wh,, the Weyl groups; 
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Sj3, the simple reflections in the simple roots; 

• ^ : W — > Z>o, the length function on a Weyl group; 

• w^, Wq, tCg'"", tCQ°"*, w^'' , the longest elements in the corresponding Weyl groups; 

• SRq, the set of special representatives of left Wt-cosets in Wg, see section [231 

• SRh , the set of special representatives of left WM-cosets in Wh; 

(4) Maps 

• i ■ Linn — > L, Linn " > Hq, Linn " > G, the natural embeddings; 

• o : Lout — L, Lout — > G, the natural embeddings; 

• ha : Ha — )• G, the natural embedding; 

• i* :Pg^ -PLi„„, o* : Pg ^ -PLout^ K ■ Pq, ^ Ph„, the restriction of weights; 

• ^* : ^Linn Qg, o* : QLout ^ <5g, /la* : Q-Ra , the embedding of roots; 

(5) Representations and bundles 

• Vq, the irreducible representation of G with highest weight A € P^; 

• , the irreducible representation of L with highest weight A € P^] 

• U^, the G-equivariant vector bundle on G/P corresponding to (Vj^)|p; 

(6) Other 

• X = G/P, the Grassmannian; 

• V{X), the derived category of coherent sheaves on X; 

• T>^{X), the derived category of G-equivariant coherent sheaves on X; 

2.2. Roots and weights. Let G be a simple algebraic group, P be the maximal parabolic subgroup, 
G/P = X. Let /3 be the corresponding simple root of G and ^ the corresponding fundamental weight. 

We denote by U C P the unipotent radical of P and by L = P/U the Levi quotient. Recall that the 
projection P — > L admits a splitting. Thus, L can be considered as a subgroup of P, and hence of G. 
Note also that the set of simple roots of L is the complement of f3 in the set of simple roots of G. 

The embedding of groups L C G induces an isomorphism of weight lattices P := Pg — > Pl- We use 
this isomorphism to identify the lattices. Let P^ and Pq denote the dominant cones in P of L and G 
respectively. 

We identify simple roots of the group G with the vertices of the Dynkin diagram Dg. In particular, 
we say that simple roots a and a' are adjacent if the corresponding vertices are connected by an edge, or 
equivalently if a / a' but (a, a') 7^ 0. 

The fundamental weight of G corresponding to the vertex i G Dg is denoted by Wj. Also, we denote 
by p = Pg half the sum of simple roots of G, or equivalently, the sum of fundamental weights. 

We consider the root lattice Qg of G as a sublattice of the weight lattice (roots are weights in the 
adjoint representation). We denote by (— , — ) the scalar product on the weight-root lattices. This scalar 
product is defined uniquely up to a multiplicative constant. We choose the standard scaling as in |Bou] . 
Note that with this choice all scalar products of roots are integer and scalar products of weights are 
rational. 

2.3. Weyl group action. The simple reflection at root o: — Oii is denoted by Sa — — Sj. Note that 

(2) Si{u}j) = u}j - Sijaj, 
which means that 

(3) {uj,ai) = 6ijai/2. 
It follows that 

(4) Sip = p- Ui 
for all i. 
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We identify Wl with the subgroup in Wq generated by all simple reflections s^. with (3. Together 
with ([2]) this immediately implies the following 

Lemma 2.1. The weight ^ is invariant under the action ofWi,. 

The length function on the Weyl group is denoted by i (recall that £{w) is the length of a minimal 
representation of w as a product of simple reflections). The following Lemma is well-known (see [Hum] . 
Lemma 10. 3A and its proof). 

Lemma 2.2. If w G Wg and sj is a simple reflection corresponding to the simple root Oj then one has 
i{wsj) > i{w) if and only if the root w{aj) is positive. 

Recall that the dominant cone Pq is a fundamental domain for the action of Wq on Pq. In particular, 
for each A G there is an element w € Wq such that wX £ Pq. Moreover, such w is unique unless A 
is orthogonal to a root of G (in the other owrds, unless A lies on a wall of a Weyl chamber). 

Denote by Qq C Pq the cone of all linear combinations of simple roots with nonnegative integer 
coefficients. The following is also well known but we provide a proof for completeness. 

Lemma 2.3. // A is dominant then for any w G Wg we have A — wX G Qg- 

Proof. Since A is a positive linear combination of fundamental weights, it is enough to check that for 
every and every w the weight Ui — wui is a sum of positive roots. This can be checked by induction in 
the length of w. When ri; is a simple reflection Sj this follows from ([2]). Let s = sj be a simple reflection, 
and assume i{wsj) = i{w) + 1. Then 

LJi — WSjUJi = LOi — WLOi + w{LJi — SjOJi) = bJi — WOJi + w{6ijaj). 

Now the assertion follows from the induction assumption and from Lemma l2.2[ □ 

The following consequence of this Lemma will be extremely important for us. 

Corollary 2.4. For a pair of weights X and the maximum (resp. minimum) of the scalar product 
{wX, /x) is achieved when wX and /j, lie in the same {resp. opposite) Weyl chambers. 

Proof. Since the scalar product is W- invariant we can assume that /i is dominant. Then we have to check 
that if A is also dominant then {wX,fi) < {X, n) for any w G W. But this follows easily from Lemma 12.31 
and nonnegativity of the scalar products of positive roots and dominant weights. The claim about the 
minimum follows as well since the minimum of {wX,fi) is minus the maximum of {wX, — /x). □ 

Assume that G is a simply connected semisimple algebraic group and let G = Gi x • • • x G^ be its 
decomposition into the product of simple groups. Then Pq = Pgi © • • • ® Pg^ and Pq = Pq.^ x • • • x Pq^ . 
Denote by Aj the component of a weight A G Pg in the summand Pg^ . 

Definition 2.5. A weight A G Pq is strictly dominant if all its components Aj G Pg^ are distinct from 0. 

Lemma 2.6. //A,/U G Pq then {X, fi) > 0. Moreover, if X is strictly dominant and fJ, ^ then {X, fi) > 0. 

Proof. Follows immediately from the fact that all scalar products of fundamental weights of a simple 
group are strictly positive. □ 

Let (3 be the simple root corresponding to P. The WL-orbit of f3 has the following nice description. 

Lemma 2.7. The Wi,-orbit of f3 consists of all roots of G that have the coefficient of j3 equal to 1 and 
have the same length as j3. 
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Proof. The coefficient of /3 in a root a is given by {(,, o:)/{(,, 13), where ^ is the fundamental weight 
corresponding to (3. Since ^ is invariant under the action of Wl we have 

for all Wl, € Wl, so the coefficient of (3 is equal to 1 for all roots in the WL-orbit of (3. 

Conversely, let us check that if a positive root a has the coefficient of f3 equal to 1 and (a, a) = {13, j3) 
then a is in the WL-orbit of (3. Let us write a = ^ Cjaj, where a, are simple roots. We will use induction 
in ^ Cj. If ^ Ci = 1 then a = /3, so the statement is true. Now assume that > 1. It is enough to 
prove that there exists a simple root ^ (3 such that (a, ccj) > 0. Indeed, then sia will have smaller sum 
of coefficients and by the induction assumption we would deduce that SjO; is in WL-orbit of (3. Suppose 
(a, aj) < for all a, ^ (3. Then 

(a, a) = (/S -I- ^ (H(y-i,a) = (^,a) + ^ Ci{ai,a) < {P,a). 

Since (a, a) = {f3, j3) by assumption we get (/?, (3) < [13, a). But sp{a) = a — 2^^^^ should be a positive 
root (since a ^ (3). Looking at the coefficient of (3 in sp(a) we obtain 

2i^<l 

which contradicts the previous inequality. □ 

We denote by and the longest elements of the Weyl groups Wq and Wl respectively. Note 
that 

{^If = {^ff = 1- 

Note also that takes any simple root of G to minus simple root, and hence any fundamental weight 
to minus fundamental weight. In particular, 

(5) W^PG = -pG 
and w^{P+) = w^iP+) = -P+. 

2.4. Representations. For each dominant weight A € Pq (resp. A G ) we denote by Vq (resp. V^) 
the corresponding irreducible representation of G (resp. L). 

The dual of any irreducible representation is also irreducible. To be more precise we have 

(6) (v^r = v^<-\ 

Indeed, if A is the highest weight of an irreducible representation of L then WqX is the lowest weight, so 
—WqX is the highest weight of the dual. 

Since the group L is reductive the tensor product of two irreducible representations of L is a direct 
sum of irreducibles. We denote by mult(yL , <X) V^*) the multiplicity of in the tensor product. The 
following simple result will be useful. 

Lemma 2.8. We have 

mult(VL'', Fj^) = dim Hom{Vl, V^) = dim Hom{Vl ® Fj^, VI). 

In particular, mult(yj^, ^ V^^) = mult((F]^)^, (^L )^)- 

Proof. The first part follows from the fact that there are no maps between different irreducibles and 
just one map between isomorphic irreducibles. The second part follows from the canonical isomorphism 
Hom(yj-, Vl) ^ Hor^{iVl)\ (Vl)''). □ 
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We also need the following standard result restricting the highest weights of irreducible summands of 
a tensor product (obtained e.g. by combining [FH', Thm. 14.18] with [Zhell §131, Thm. 5]; see also jHuml 
Exer. 24.12] and [FHt Exer. 25.33]). 

Lemma 2.9. // mult(V^, V-^ (E> V^) > then v € Conv(A + w[i),uj^^^, where Conv stands for the convex 
hull and Wl is the Weyl group ofL. Similarly, ifmu\t{V^,V^®{V^)'^) > then v € Conv(A — t(;^)^gWL • 

2.5. Special representatives. In each coset Wlw C W by Wl there is a unique representative which 
takes the G-dominant cone to the L-dominant cone. We call it the L-special representative of the coset 
and denote the set of all L-special representatives in W by SRq. Note that the cardinality of SRq equals 
to the cardinality of Wg/Wl, that is to the rank of the Grothendieck group i^o(^)- 
The elements of SRq can also be characterized as follows. 

Lemma 2.10. The set SRq C W consists of the elements that have minimal length in their left Wl- 
cosets. 

Proof. Let vu G W be an element of minimal length in its left Wl-coscI. Then l{uj~^Sj) = £{sjw) > 
£{w) = i{w~^) for every simple reflection sj in Wl. Hence, by Lemma 12.21 the root w~^{aj) is positive 
for every simple root aj that belongs to the root system of L. Thus, {wp,aj) = {p,w~^aj) > for 
every such simple root, i.e., wp is L-dominant. In other words, w takes Pq to , so it is a special 
representative. □ 

Lemma 2.11. (0) The only element of length in SRq is 1. 

(1) The only element of length 1 in SRq is Sfs. 

(2) All elements of length 2 in SRq are equal to Sj^Sa, where a is the simple root of G adjacent to /3. 

Proof. The first is clear. For the second we note that elements of length 1 in Wq are just simple reflections 
and for a ^ (3 the reflection Sa is in the same Wl coset as 1 which has smaller length. Similarly, all 
elements of length 2 are products Sa-^Sa2 of simple reflections. If ai 7^ /3 then is in the same coset 
and has smaller length, hence ai = /?. And if a := 02 is not adjacent to /3 then reflections Sq and sp 
commute, so spSa = SaSp is in the same coset as sp which has smaller length. □ 

Take any reductive subgroup H C G compatible with the maximal torus in G, and let M = H n L be 
the Levi of H. Let Wh and Wm be corresponding Weyl groups. Note that Wm = WhHWl. It follows 
that Wh/Wm C Wq/Wl. Actually, the same inclusion holds for the sets of special representatives. 

Lemma 2.12. We have SR^ HWr = SR^f . 

Proof. Let w G SR^- We have to show that {wp,ai) > 0, where a, is any simple root of L. If ai 
belongs to the root system of H fl L = M then this follows from the definition of SRjf • Otherwise, 
i{w~^Si) > £{w~^), where Si is the simple reflection associated with aj. Hence, by Lemma 12.21 w~^ai is 
a positive root, and so {wp,ai) = {p,w~^ai) > 0. □ 

Lemma 2.13. Assume that v € SRq. Then 

{^,p-vp)>e{v){tf3), 

where /3 is the simple root corresponding to ^. If i{v) = 1 then the above is an equality. 

Proof. Let us prove this by induction in the length of v. In the case v = 1 both sides of our inequality 
are equal to zero. Now assume that £(v) > 1. Recall that v is the representative of minimal length in the 
coset Wl^^. Thus, we can write v = usi, where Sj is a simple reflection, i{u) = l{v) — 1 and u G SRq. 
We have 

P-vp) = (C, p-up) + (C, u{p - Sip)) = {£,,p- up) + (C, u{ai)). 
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The first summand in the right-hand side is > l{u){^,f3) by the induction assumption. Thus, it suffices 
to check that {^,u{ai)) > /3). 

Since i{usi) = i{u) + 1, the root u{ai) is positive (by Lemma I2.2p . so we only have to check that 
/3 appears in u{ai) with nonzero coefficient, i.e., that / 0. Suppose (^,u(ai)) = 0. Then 

u{ai) = Ylaj^i3 ''^j^j with rij > 0. The fact that v has minimal length in its right WL-cosets implies that 
i{v~^Sj) > i{v^^) for every j such that aj 7^ (3. Hence, all the roots v~^{aj) are positive, and therefore, 

—Oi = SiOi = v~^u{ai) = njV~^{aj) 

should be positive, so we get a contradiction. 

If l{v) = 1 then V = Sjs hy Lemma 12.111 hence p — vp = (3 and both sides are equal to (^, /?). □ 

Remark 2.14. Note that if the root (3 is cominuscule, which means that the coefficient of /3 in any root of 
G does not exceed 1, then 

{i,p-vp)=l{v){^,P) 

for all V G SRq. Indeed, in the argument above we conclude that the coefficient of /3 in u{ai) is precisely 
1, hence we obtain an inductive proof of the equality. 

2.6. Equivariant bundles lA'^ and Borel Bott Weil Theorem. Since X = G/P is a homogeneous 
variety, the category Coh^(X) of G-equivariant coherent sheaves on X is equivalent to the category of 
representations of P: 

(7) Coh^(X) ^ Rep-P. 

This equivalence is compatible with the structures of tensor abelian categories on both sides, i.e. it 
preserves tensor products and duals. 

For each A G , a dominant weight of the Levi quotient L = P/U, we consider V^, the corresponding 
irreducible representation of L. Restricting V-^ to P (via the projection P — >■ L) we obtain a representation 
of P, and hence a G-equivariant vector bundle on X which we denote by lA^. Since the above equivalence 
preserves the tensor structure we deduce from Lemma 12.81 and ([6]) that 

(8) U^(^U^' = ^ Hom{Vl,Vl®V^)®W, {U^y ^U~<^. 

Note that vl is a one-dimensional representation of L, hence lA^ is a line bundle on X. Moreover, it 
is the ample generator of PicX = Z, so we will denote it by Ox(l)- Thus, 

(9) Ox{t)=U'^. 

Similarly, we will denote the bundle U^^*^ by (t) . 

The cohomology groups of bundles U"^ can be computed via the Borel-Bott-Weil Theorem. Recall 
that a weight A G Pq, is called G-singular if it lies on a wall of a Weyl chamber of G (equivalently, if it is 
orthogonal to some root of G). If a weight does not lie on a wall of a Weyl chamber it is called G-regular. 
The sets of singular and regular weights are invariant under the natural action of the Weyl group Wq 
on Pg- 

Theorem 2.15. ( [Bottj Thm. IV']) Take any X £ P+ c P^ = Pg. If X + pa is G-singular then 
H*{X,U^) = 0. If X + pg is G-regular then there exists a unique w G Wg such that w{X-\-pg) is strictly 
dominant. In this case 

and other cohomology groups vanish. In particular, if X is G-dominant then H^{X,IA^) = Vq. 
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Let Pq^ denote the set of ah regular weights of G and — pG denote the set of all weights p G Pg 
such that fJ, + Pg £ ^g^- Further, for each /x G Pq^ — pG denote by Wfj_ the unique element of the Weyl 
group Wg such that w^{p + pg) is G-dominant. Combining above Theorem with ([8]) we deduce 

Corollary 2.16. We have 

neConv{\'-wX)^ewj^nP+n{p;i^-PG) 
where [—^{u!^)] stands for cohomological shift. 

We will also need a way to compute Ext-groups in the equivariant derived category Denote 
those Ext groups between F,F' G V^{X) by Ext*G(P,P') = HompG(j^)(P, P'[i]). 

Proposition 2.17. We have 

(i) ExtQ(P, P') = (Ext*(P, P'))^, the space of G -invariants in the Ext-group between F and F' in T){X). 

(ii) Extl{U\U'') = e,,sR. Hon^iVl'-^, V^' V-'""')[-£{v)]. 

(m) Extl.{U^,U^') = Hom{V-^,Vl' ^V^"""^). 

Proof. The first claim follows from HomG(P, P') = Hom(P, P')*^ because the functor of invariants is 
exact (since the group G is reductive). 

For the second note that (Vq)^ is zero for u ^ and k for v = 0, hence p, from the formula of 
Corollary 12.161 contributes to ExtG if and only ii Wf^{p + p) — p = 0, that is if p = vp — p for some 

V G Wg- Since p should be L-dominant, the element v should be a special representative, that is 

V G SRq. Of course, if vp — p ^ Conv(A' — wX) then Hom is zero, so we can easily forget this restriction. 
Finally, to get the third claim we use the fact that by Lemma l2. 11( 1) the only special representative 

of length 1 is Sfs and Sj^p = p — f3. □ 

2.7. The canonical class. The canonical class of the Grassmannian G/P is well known to be isomorphic 
to the line bundle U'^o'^o p~p. We will need the following more precise formula. 

Lemma 2.18. Let f3 be the simple root corresponding to P and the corresponding fundamental weight. 
Let (3 be the maximal root in Wj^-orbit of (3. Let 

r = ipJ + f3)/iC,/3). 

Then ux = ti~^^ . 

Proof. The Picard group of G/P is generated by U^, hence ojx = U^o"^? p^p ^ U^^^ for some A; G Z. To 
find k we compute the scalar product with /3. We get 

k = {p-w^wfp,f3)/{i,^). 

Further {—w^w^p,l3) = {w^p,f3) = {p,w^f3) by ([5]). Now note that /3 considered as a weight of L is 
antidominant (its scalar products with the simple roots of L are nonpositive), hence w^fi is L-dominant. 
Moreover, it is a positive root since {S,,WQf3) = {w^^,/3) = (C,/3) > since ^ is WL-invariant. Hence, 
j3 := w^fi is the maximal root in the WL-orbit of /3 by Lemma 12.31 and the claim follows. □ 

Remark 2.19. By Lemma [2.7t /3 is in fact the maximal root of the same length as (3 and with the coefficient 
of (3 equal to 1. This gives a very easy way to find (3 just by looking into the table of roots. 

Remark 2.20. The integer r is called the index of the Grassmannian G/P. 

The following consequence of the above formula is useful. 
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Corollary 2.21. Let P be a maximal parabolic subgroup in G and /3 the corresponding simple root. 
Let H C H' C G 6e a pair of semisimple subgroups corresponding to a pair of Dynkin subdiagrams 
Dn C Dill C Dg such that (3 S Dm and there is a simple root a € -Dh' \ Dm adjacent to the connected 
component of (3 in Du- Let r and r' be the indices of the Grassmannians H/(H n P) and H'/(H' n P) 
respectively. Then r' > r. 

Proof Let M = L n H and M' = L n H'. Let ^ be the maximal root in WM-orbit of (3 and ^' the 
maximal root in WM'-orbit of /3. Let a be any simple root of H' adjacent to the connected component 
of /? in Dh- Note that since /3 is maximal, the coefficient of any simple root of the connected component 
of (3 in Dh in f3 is strictly positive. In particular, the coefficients of roots adjacent to a are positive, 
hence the scalar product (a,/3) is strictly negative. Therefore, 

= ^ - 2^^a 

has a strictly positive coefficient of a. Therefore, {p,(3') > {p,Sa{f3)) > {p,f3) + (/o, a) > {p,P) since 
a) = aV2 > 0. □ 

3. Exceptional blocks 

Let G be a simple simplyconnected algebraic group and P C G a maximal parabolic subgroup. We 
take X = G/P and denote by T>{X) the bounded derived category of coherent sheaves on X and T)^[X) 
— the bounded derived category of G-equivariant coherent sheaves. We denote by Fg : T^iX) 
the forgetful functor. 

We denote as usual Ext*(F, F') = Hom{F, F'[i]), Ext-groups in category T>{X). Similarly, Ext-groups 
in the equivariant category T)^{X) are denoted by Ext]^{F, F'). Note that the forgetful functor induces 
a linear map 

Fg:Extb(F,F')^Ext^(F,F'). 
For each triple of L-dominant weights X, p,v € consider the map 

Ext'GiU^,^) Hom{U'',Uf') Ext'(W^,W^), 

the composition of the action of the forgetful functor with the Yoneda multiplication. 
Now we can introduce the main notion of this section. 

Definition 3.1. A set of L-dominant weights B C P^ is called an exceptional block if for all A, /i G B the 

canonical map 

(10) Ext'(.{U^,U'') O Hom{U'',U^') Ext'{U^,W) 

is an isomorphism. 

The goal of this section is to show that for any exceptional block B C P^ the category 

Vq{X) = {U^)xeB C V{X) 
generated in T>{X) by bundles U'^ with A € B, has a full exceptional collection. 

3.1. The ,^-ordering. Recall that /3 is the simple root of G corresponding to the maximal parabolic P 
and ^ is the corresponding fundamental weight. By Lemma l2.1l it is invariant under the action of Wl. 
Consider the partial ordering on the weight lattice Pl defined by: 

A-</i if (e. A) < (e, /x) 

A ^ /i if either \ ^ p or X = p 

We win cah it the ^-ordering. 
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Lemma 3.2. // Hom(ZY^,Zi^') / then 

Proof. By Corollary [2J6l if Hom(W^,^^) / then there is a non-trivial G-map V{; C (V,;^)^ ® 
for some G-dominant weight k. This means that there is a non-trivial G-map Vl(^Vl ^Vl, hence 
^ G Conv(A -|- WK)^gWL by Lemma [2^91 But for any w E Wl we have 

(C, A + - (C, A) = (e, t/;^) = {nj-^i, n) = (C, n) > 0, 

the last inequality follows from Lemma 12.61 since both ^ and k are G-dominant. Moreover, since G is 
simple the weight ^ is strictly dominant, hence the last inequality is strict unless k = 0. Thus, we see 
that A ^ /i unless k = 0. But if k = then V£ = V^, hence fi = X. □ 

Thus, we see that Horn groups between in T>{X) go in the direction of the ^-ordering. It turns out 
that Ext groups in the equivariant category go in the opposite direction! 

Lemma 3.3. // Ext}.{U^,U^') / then ^jl<X. More precisely, if Ext,^{U^ ,W) + then 

(c,A)-(e,/^) >^(e,/3), 

and for i = 1 this inequality becomes an equality. Also, each bundle lA^ is exceptional in 'D^{X). 

Proof. By Proposition EU] if E.y.^c^{U^ ,W) + then there is a non-trivial G-map V^l^"^ iy^Y ® 
for some v G SRq with i{v) = i. This means that there is a non-trivial G-map V-^^ ^ hence 
H E Conv(A + w{vp — /o))uigWl by Lemma \T9\ Now by Lemma [2. 131 for any w € Wl we have 

(C, A + w{vp - p)) - (C, A) = (C, w{vp - p)) = {w~'^^, {vp - p)) = (^, vp- p) < 13), 

where the last inequality becomes an equality for i = 1. This implies that 

(e,^)-(c,A)<-i(e,/3) 

with equality for z = 1, as required. Thus, we see that p ~< X unless v = 1. But if u = 1 then 
Vl''~^ (g) = V^, hence p = X. Also, if u = 1 then i = ({v) = 0, so Ext^°{U^,U^) = and by 
Proposition \TT7\ we have HomG{V(^,U^) = Hom(y/^,Vl) = k, hence is exceptional in □ 

The last Lemma has the following interesting consequence. 

Theorem 3.4. The bundles {h{^}^^p+ ordered with respect to any total ordering extending the opposite 
of the ^-ordering constitute a full exceptional collection in the equivariant category T)^{X). 

Proof. The fact that we get an exceptional collection follows from Lemma 13.31 It remains to check that 
it is full. 

Indeed, let us show that every object is generated by this collection. It suffices to check this only for 
pure objects, that is for G-equivariant coherent sheaves. As we know they can be considered as just 
P-representations. But each representation of P has a filtration (an extension of the radical filtration) 
all the quotients of which are simple L-representations, i.e. correspond to bundles U"^ with appropriate 
A € P^ . Thus, it is contained in the subcategory generated by U^. □ 

Remark 3.5. The fact that the orderings of Hem's in ^^{X) and Ext's in P'^(X) are opposite is the reason 
for the fact that are not exceptional in "D^X) — one can construct a nontrivial self-Ext oilA^ in ^{X) 
by composing Hem's and equivariant Ext's. As we will see in section [331 below, the cure is to reverse in 
a sense one of the orderings. 
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3.2. The forgetful functor and its adjoint. Let B C be an exceptional block. Let 

denote the subcategory of V^{X) generated by with A in B. Since the collection {Z^'^Iagb is excep- 
tional, the category is saturated (see |B Vj ) . hence the forgetful functor Fg : 'Dq{X) — )• VeiX) has a 
right adjoint functor which we denote by Fg' : 'Db{X) — > 'Dq{X). 
The crucial observation is the following 

Proposition 3.6. // B is an exceptional block then 

Fg-{fg{un) = Hom(^/^^^^) 

i/GB 

where Hom{l/(^,W^) are considered just as vector spaces, not as representations ofG. 
Proof. Let 

ueB 

We have a canonical evaluation map ev : fg(U^) Fg{U^) in T){X). By adjunction it gives a map 
ii^ fg fg{U^). Let us show it is an isomorphism. For this let us check that the induced map 

is an isomorphism for all A € B. Indeed, we have a commutative diagram 

Extl.{U^,U'') Hom{U'',Uf') Ext'^U^ ^f") ^ Ext^(iY^, Fg'Fg(ZY^)) 



Fg(gil 



Fg 



Ext'iU^,^) O Hom(Z^^Zi^') — Ext'{fg{U^), fgiU^)) Ext'{fg{U^), Fg(Z^^)) 

ueB 

The composition of the left vertical map with the maps in the bottom row is the map of (llOj) which is 
an isomorphism since B is an exceptional block. Hence, the map / in the top row is an isomorphism as 
well. 

It follows that the cone of the map EgfgiU^) is orthogonal to all in V^{X). But generate 

this category, hence the cone is zero. □ 

Question 3.7. It is interesting to find a general formula for Fg' (or maybe for Fg' o Fg). 

3.3. Exceptional bundles S'^. The crucial step is to replace the exceptional collection in D^(X) 
by its right dual exceptional collection (see [B]). 

Recall that if (E, F) is an exceptional pair in a triangulated category T then the right mutation 'Rf{E) 
is defined as the cone 

Kf{E) := Cone{E E^f^^ Hom'(^, F)^ ® F), 

It is well known that {F,'Rf{E)) is also an exceptional pair which generates the same subcategory in T 
as the initial pair {E,F). 

Now assume that Ei,. . . ,En is an exceptional collection. Its right dual collection is defined as the 
collection obtained by a sequence of right mutations: 

{En, Rb„F„_i[-1], Ri^„R£;_,F„_2[-2], ...,-Re„--- B.E,Ei[-n + 1]). 

This collection is exceptional and generates the same subcategory as the initial collection. 
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Now we apply this construction to the exceptional collection (i^^)AeB in the equivariant derived cate- 
gory 'D^{X) and denote by 

the objects of the right dual collection. Further on we will frequently drop the index B in the notation 
£g if it is clear which block B is considered. 

By definition the objects £^ are exceptional in the equivariant derived category. Our goal now is to 
show that the objects Fg(£^'^) in the usual derived category V^X) are also exceptional and moreover form 
a full exceptional collection in Pb(^)- 

First of all, recall that the standard property of the right dual exceptional collections gives 



(13) Extl,i£\un 



k, for A = ^ 
0, otherwise 



(see e.g. [B]). Also, it follows from the construction of the dual collection that the subcategories both in 
'D^{X) and 'D{X) generated by objects 6^^ and U^^ coincide: 

(14) {sn.^x = m,<x, 

and moreover, for each A there is a morphism lA^ such that 

(15) QonB{£^ ^U'')^{W)^^x- 
Corollary 3.8. For all A, S B we have 

(16) Ext'(Fg(^^),^/'^) = Hom(Z^^,Z^^). 
Proof. Indeed, by Proposition 13.61 we have 

Ext'(Fg(^^),^/^) ^ Ext^(^^,Fg'(ZY^)) ^ Ext^(f^,0Hom(ZY'^,^/^)(g)Z^^). 

i/eB 

Now note that by (fUD we have ExtQ(£'^,W^) = unless \ = u. Thus, the RHS equals Hom{U^M^)- □ 

Proposition 3.9. For an exceptional block B the objects Fg(£'''*) form a full exceptional collection in 
Pb(^)- The ordering of the collection is the ^-ordering. 

Proof. First, take /i ^ A. By ([16]) and Lemma [32] we have Ex.t'{^g{£^),U^) = 0. Then ^ implies 
Ext'(Fg(£:-^), Fg(£''')) = as well. On the other hand, using this semiorthogonality and (llSp we deduce 
that Ext'(Fg(.5^), Fg(£'^)) ^ Ext'(Fg(f^),Z^^) = Hom{U^,U^) = k, so each Fg(£'^) is exceptional. Finally, 
the fullness of the collection {Vg{£^)}xeB in T^ei^) follows from p^ . □ 

From now on to unburden the notation we will denote Fg(£'^) simply by 

3.4. Properties of exceptional blocks. Let B be any subset of P^ and /i G P^ . Denote 

B + /i = {A + ^ I A G B}. 

Lemma 3.10. // B is an exceptional block then for each t the block B + t^ is exceptional. Moreover, 

c-X+t^. _ f\(f\ 

'^B+te, ~ '-'Bv''/- 

Proof. Recall that U^^ = Oxit) and twisting by this bundle takes U'^ to U'^^*^ . Since such a twisting is 
an autoequivalence it follows that it preserves exceptionality of a block. □ 

Let us say that a subset B' C B is closed with respect to decreasing in ^-ordering, if for any A,^ G B if 
A G B' and /x ^ /x then /x G B'. 
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Lemma 3.11. Let B he an exceptional block and B' C B 6e a subset closed with respect to decreasing in 
^-ordering. Then B' is an exceptional block. Moreover, S^, = for all A E B'. 

Proof. Take A,/i € B' and consider the map (jlOp . It is an isomorphism since B is exceptional. On the 
other hand, u G B contributes to the LHS only if Ext^{U^,U'^) ^ which by Lemma 13.31 implies that 
ly ^ \. But then € B' since B' is closed with respect to decreasing in ^-ordering. Thus, the LHS of (jlOp 
coincides with the LHS of analogous map written for the block B', hence B' is exceptional. 

An isomorphism between fg, and £q follows immediately from the definition (I12p . □ 

3.5. The output set and the criterion of exceptionaUty. In this section we give a criterion for a 
block B to be exceptional in terms of the Weyl group action on weights and the representation theory of 
L. We start with some preparations. 

Lemma 3.12. Let jjL G n {Pq^ — p)- Then there exists a unique pair {k,v), where k G Pq and 
V G Wg such that 

H = v{k + p) - p. 

Moreover, v G SRq. 

Proof. Existence and uniqueness of the pair (k, v) follow from regularity of /i + p. And since fi G P^ we 
conclude that v G SRq. □ 

Using this simple observation we can rewrite the formula of Corollarv 12.161 as follows: 

Ext'{U\u''') = Homiyl^^-^'^-', Vl' ® ^) V^[-iiv)]. 

It is clear from this formula that it is convenient to have a control over the set of all pairs (k, v) which 
can appear in the RHS. So, we define the output set for the pair of weights A, A' of L as 

OP(A, A') = {{k, v) eP^ X SR^ \v{K + p)-pe Conv(A' - wX)^,eWi^}- 

Consequently, we define the output set of a block B to be 

OP(B)= U OP(A,A')cP+xSR^, 

A.A'eB 

and we denote by OPi(B) C P^ and 0P2(B) C SRq the projections of OP(B) to P^ and SRq respectively, 
so that 

OP(B) c OPi(B) X 0P2(B). 
Using these definitions we can rewrite the formula of Corollarv 12.161 as follows: 

(17) Ext'{U\u'') = Hou^iVl^^^'^-'', V^' ® V^<') V^[-iiv)]. 

{K,v)eOP(x,\') 

Note that we can extend the area of summation to Pq x SRq in the above formula. Indeed, if for a pair 

(k, v) one has v{K + p)-p^ Conv(A' - u;A)^eWL then Hom{Vl^^^''^~'' , V^' ® V''^^^) = by Lemma[231 
and we have no contribution. So, we can replace OP(A, A') by OP(B), or even by OPi(B) x 0P(B2). 

Also, for each set of L-dominant weights S C P^ denote by Us '■ RepL — t- RepL the projector onto 
the subcategory formed by all with u £ S. In other words. Us is a functor such that 

1^0, otherwise 

Proposition 3.13. Assume that a subset B C P^ has the following two properties: 
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(a) for all k € OPi(B), v £ 0P2(B) we have vk = k; 

(b) for all K € OPi(B), v G 0P2(B), A E B the canonical map 

(18) n^{vl^''p-p vl) ^ n^{V£ nBivl"-" v^)) 

is an isomorphism. 
Then the block B is exceptional. 

In what follows we will refer to part (a) of this criterion as invariance condition, and to part (b) as 
compatibility condition. 

Proof. Fix a pair of weights A, A' G B. We have to check that the map (llOh (with /i = A') is an isomorphism 

We start by rewriting (jl7p in a more convenient form. First of all, we extend the summation area 
to OPi(B) X 0P2(B) (as was mentioned above, this does not spoil the equality). Next, we use the 
isomorphism 

Hom(yL'^"+^)~^ Vl' ^ Hom(F/', Vl^''^'^-'' Vl)'' Hom{Vl\nB{Vl'~''+'^-' Vl))\ 

where the second isomorphism follows from the condition A' € B. Finally, by the invariance condition we 
have v{k + p) — p = k + vp — p. Thus, we obtain 

(19) Ext'iU\U^') = HomiVl' ,UsiV^+'''-' Vl)r V^i-liv)], 

KeOPi(B), DeOP2(B) 

Now specializing (jl9p we can obtain an expression for Extc and Horn in the LHS of (jlOp . To obtain 
an expression for Extc we should restrict to the case k = 0. Replacing also A' by G B we obtain 

(20) ExthiK\un= y^o^^iVl,UBiVl''-''®Vl)r[-iiv)]. 

»;G0P2(B) 

On the other hand, to obtain an expression for Horn we should restrict to ?; = 1. Replacing also A by 
ly we obtain 

(21) Hom•(W^W^') = Hom{Vl',UB{V£^Vl)y ^V^. 

KeOPi(B) 

Combining ([20]) with (HH) we rewrite the LHS of ([TO]) as 
Ext^(Z^\^^) Hom•(W^^^') = 

Ho^^{Vl,UB{Vl''-' V^)r ^ ^on^{V^' ,Ub{V£ ® ® V^[-£{v)] = 

ueB, KeOPi(B), ?)G0P2(B) 

y^oa^iVl' ,UsiV£ ® UsK'-' ^l")))'' ® V^gH(^)], 

KeOPi{B), t)eOP2(B) 

where the second equality follows from the formula 

Us{Vl'~' ® V^) = Hom(yL^ ^bK'-' ^ V^)r V^. 

ueB 

To conclude we compare the obtained expression for the LHS of (jlOp with the expression (|19p for the 
RHS and note that the map from the LHS of (fTOI) to the RHS is induced by the map (fT8]l . Thus, if the 
compatibility property (b) holds then the map is an isomorphism, hence the block B is exceptional. □ 
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4. On strongness and purity 



Note that a priori the exceptional objects £ constructed above are complexes. However, we have the 
following 

Conjecture 4.1. For any exceptional block B C and any A G B the object £^ is a vector bundle. 

Note that the standard t-structure on I)^{X) restricts to a t-structure on the category T>q{X) whose 
core is Cb consists of G-equivariant coherent sheaves that are obtained by successive extensions from 
with A € B. As it was already mentioned the category of G-equivariant coherent sheaves on X is 
equivalent to the category of finite-dimensional representations of P, which in turn is equivalent to the 
category of finite-dimensional representations of a certain infinite quiver with relations (see [Hillej ) . 

Recall that the vertices of Q are in bijection with the set of dominant weights of L, and there is 
an arrow A ^ /i if and only if 1^ appears in V-^^ (8> (i-e., when there is a nontrivial Ext}^{U^ ,Uf^)) . 
Note that by Lemma [3.31 the quiver is directed (by the opposite of the .^-ordering). The subcategory 
Cb corresponds to the subcategory of representations supported at the vertices B C PjJ". Hence, it is 
equivalent to the category of finite-dimensional representations of a finite directed quiver with relations 
(Qb,^b), where Qb C Q is the full subquiver corresponding to the set of vertices B. 

Proposition 4.2. The following conditions are equivalent: 

(1) Each £^ for A € B is a vector bundle. 

(2) For each X € B, £^ is a projective cover ofU^ in the category Cb. 

(3) The natural map Ea.l^{U^M^) ^ B>cXg{U^M^) 

is an isomorphism for A, ;U € B. 

(4) The exceptional collection {£'^)x^b is strong. 

Proof. (1)=^(2). If £'^ are vector bundles then they belong to Cb- Furthermore, since Cb is a core of 
a t-structure of a full subcategory V^{X) of V'^{X) we have Ext^g(£'^,iY^) ~ Extl^{£^,Uf) = for 
A,;U G B. This implies that ExtQ^{£'^,T) = for any J" in Cb, i.e., £^ is projective. 

(2)=>(1). If £'^ is a projective cover of in Cb then £'^ itself is an object of Cb, hence a successive 
extension of with € B. In particular, it is a vector bundle on X. 

(2) =^(3). Using (2) we can construct for any object J-" in Cb a projective resolution consisting of direct 
sums of objects f'^. Computing Ext*^{J-,U^) using such a resolution and using the isomorphisms 

HomcB(^^,Z^^) ^ Ext'G{£^,U'') 
we derive that the map Ext'^{T,'U^) — )• Ext^(T,U^) is an isomorphism. 

(3) =>(4). By Lemma 13.31 we have 

Ext'c^{U^,U^) = Ext}.{U^M^) = 

unless (^, /u) < (^, A). Since the category Cb is equivalent to the category of finite-dimensional represen- 
tations of a finite-dimensional algebra, for each A G B there exists a projective cover in Cb. 
Now the condition (3) implies that the natural maps 

Ext'g {V^M^)^ Ext^ {V^,W) and 

ExtJB(^^^'')^Ext•G(P^P'^) 

are isomorphisms. It follows that {V^) form a strong exceptional sequence and that — £^ for each 
A G B. 

(4) =>(!). Choose any ordering of compatible with the partial ordering -<. Let Up denote the p-th 
object for this ordering. Let £p be the objects of the dual collection. Then for any F G T>q{X) there is 
a spectral sequence Extg (<fp [p] , J") ®Up^ F. Applying io T = £^ gives (1). □ 
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Now we are going to suggest several criteria when the equivalent conditions of Proposition 14.21 hold. 



Proposition 4.3. Assume that the subquiver Qb C Q contains entirely any path that starts and ends in 
Qb- Then the equivalent conditions of Proposition hold. 

Proof. Recall that the projective cover of a simple object of a vertex A is the representation of (Qbj^b) 
associating with a vertex /i € B the vector space generated by all paths in the quiver from the vertex 
A to /i (modulo the relations). The condition of the Proposition ensures that this representation is 
isomorphic to the restriction to Qb of the projective cover of the simple object of the vertex /i in the 
category of representations of Q. It follows that Horn's from projective objects to simple objects in Qb 
are the same as in Q, and moreover, the restrictions to Qb of projective resolutions of simple objects in 
Q give projective resolutions in Qb. Combining all this we deduce that Ext's between simple objects in 
Cb are isomorphic to those in C = Coh*^(X), i.e. the condition (3) of Proposition 14.21 holds. □ 

Also, the properties of purity and strongness of the collection £^ are related to Koszulity of a certain 
algebra, see [PPj . 

Proposition 4.4. (i) Assume that the graded algebra 

Ab= Extl{U\un 

is Koszul (with respect to the cohomological grading). Then the equivalent conditions of Proposition 
hold. 

{a) If the algebra Aq is one-generated then Koszulity of Aq is equivalent to the conditions of Proposi- 
tion\4^ 

Proof, (i) This follows from the main result of [Post Cor. 8] (see also the proofs of Theorems 4.1 and 4.2 
in [PW] ). 

(m) If the condition (3) of Proposition 14.21 is satisfied then A^ is isomorphic (as a graded algebra) to 
the Ext-algebra between simple objects in the abelian category Cb- Thus, the assumption that Ab is 
one-generated implies that Cb is a Koszul category, and so the algebra ^b is Koszul. □ 

Remark 4.5. In the case when the unipotent radical of P is abelian (in this case the Grassmannian 
X = G/P is called cominuscule) and the subquiver Qb C Q contains entirely any path that starts and 
ends in Qb, the algebra Ab is Koszul as follows from the main result of [Hjlle] and from Proposition 14.31 
Note that in this case the function A i— t- —{(,, A)/(^,/3) is a Koszul weight function on simple objects of 
Cb- Indeed, this follows from Remark 12. 141 using the argument of Lemma l3. 31 

Remark 4.6. In 19.31 we will give an example (Example 19. 5p of an exceptional block for which Proposi- 
tion 14.31 does not apply, and at the same time the inequality of Lemma 13.31 becomes strict in some cases 
(and so algebra ^b is not one-generated) and so Proposition 14.41 does not apply as well, but the equivalent 
conditions of Proposition 14.21 still hold. 

5. Constructing exceptional blocks 

In this section we suggest a construction of an exceptional block which depends on a choice of a 
semisimple subgroup H C G. We start with some preparation. 
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5.1. Cores. Let H be a semisimple group. In this subsection we wih omit the subscript H to unburden 
the notation. Let 5 € be a strictly dominant weight (see Definition 12. 5p . 

Definition 5.1. The polyhedron 

(22) R5 = {A G Ph ® K I G Wh {w6, A) < {5, pn)} 
is called the core of shape 6. 

We will denote by 

(23) R| := {A G Ph «) M I Vu- G Wh {w6, A) < {5, pu)}- 

the interior of the core R^. Note that both R5 and R| are Wn-invariant and convex. 
Lemma 5.2. The intersection of a core with the set of dominant weights is given by 

R5nP+ = {AGP+ I {5,X) <{S,Pu)}- 

Similarly, 

R|nP+ = {AGP+ I {6,X)<{6,pu)}. 

Proof. Let us check the first equality (the second is proved analogously). By definition, the LHS is 
contained in the RHS. On the other hand, since both A and 6 are H-dominant, by Corollary 12.41 we have 
{w6, A) < ((5, A) for all w G Wh, hence the RHS is contained in the LHS. □ 

Lemma 5.3. All integer points o/R| are singular. All regular integer points of the core R^ are contained 
in the Wh- orbit of pn- 

Proof. Assume that A G Ph H R^ is regular. Take w G Wh such that wX is H-dominant. Then 
wX £ Us n Pj^ and since it; A is regular we can write wX = pu + p, p £ P^. Therefore, 

{6, PU + fJ-) = (S, wX) = iw~'^6, A) < {6, ph), 

hence {6, p) < 0. Since 6 is strictly dominant, this implies = by Lemma 12.61 hence A = w~^pn. □ 

5.2. The setup. Consider the complement Dq, \ /3 of the vertex /? of the Dynkin diagram Dc, of G. In 
general it consists of several (up to 3) connected components of different types. We choose one component 
of type A (possibly empty) to be called the outer component and denote it by -Dout- The union of the 
others component will be called the inner component and denoted by -Dinn- We denote the corresponding 
connected semisimple groups by Lout and Linn and by 

o ■ Lout — > L, i : Linn L 

the canonical embeddings. Abusing the notation we will also denote by o (resp., i) the embedding of 
Lout (resp., Linn) into G. Note that the groups Lout and Linn are simply connected (this follows from 
the fact that an embedding of Dynkin diagrams induces a surjection of the weight lattices). In particular, 
we have 

(24) Lout = SLfc 

for some A: > 1. We fix a numbering of the vertices of D = Dq as follows. First,, we number the vertices 
of the outer part Z^out = A^-i by integers from 1 to A; — 1 in a standard way. Then we number the vertex 
(3 hy k and the remaining vertices in an arbitrary way. We denote by b the number of the vertex in -Dout 
which is adjacent to (3 (note that such vertex is unique). 

Note that we have the following decomposition of the Weyl group of L: 

Wl = Wl<,., X Wl,„„. 
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(since .Dout and .Dinn are not adjacent the corresponding simple reflections commute). 
Now consider the chain of sub diagrams 

A C Db-i C---CDiCDo = Dg, Da = DG\{l,...,a}. 

Let 

Hb C Hfe_i C C Hi C Ho = G 
be the corresponding chain of semisimple subgroups of G. For a = 0, . . . , 6 we denote by 

the embedding. Note that any Hq contains Ljnn- Abusing the notation we wih denote the corresponding 
embedding by i : Linn Hq. 

For each a = 0, . . . , 6 we choose a strictly dominant weight da G -Pjj and consider the corresponding 
core R^^ C ^ To unburden the notation we denote this core by Rq. The interior of this core is 
denoted by R*. 

Let r be the index of G/P and let be the index of Ha/(Ha n P). Note that by Corollary 12.211 we 
have 

< Tfe < ri,_i < ■ ■ ■ < ri < r(j = r 



5.3. The indexing set. Denote by 9 an element of Pl <^ Q such that 

(25) 9 e {oji,. . . ,ujk~i)^ nKeri*, and {9,0 = '^ 

(it is easy to see that such 9 always exists and is unique). Note that the set {9, Pl) of all scalar products of 
9 with weights of L is a cyclic subgroup of Q containing Z. We consider the intersection of this subgroup 
with half-closed interval [0, r) C Q: 

J = {jG(^,^L) |0<j<r}. 

This set will number the blocks in the collection. Note that it is naturally linearly ordered. The blocks 
will be shown to be semiorthogonal with respect to this order. 

For each j € J there is a unique integer a(j) in the interval < a(j) <b such that 

(26) r -r^Q) <i <r -raQ)+i, 

where we set rf,+i = 0. To unburden the notation we will write Hj = HaQ) ; = ^a{j) and Rj = R5„(j) ■ 
Below we will need the following simple observation 

Lemma 5.4. For any v G PLi„n there is a rational number p € {9, Pl) such that + i.^v € Pl. 

Proof. Since any u \s a. linear combination of fundamental weights it suffices to consider the case of 
v = i*ujt for some t € -Dinn- Then it is clear that i^v = i^i*0Jt is just the orthogonal projection of uJt onto 
the subspace i*(PLi„n ® Q) C Pl ^ Q. Its orthogonal complement is spanned by a € QLout and by ^. 
Moreover, uit is orthogonal to all such a since t € -Dinn- Hence, 



It remains to check that (wt,^)/^^ € {9,Pi^). For this we apply the linear function {9, — ) to the above 
equality. Since 9 is orthogonal to the image of we conclude that (wt,C)/C^ = iG,^t) G (6',Pl)- □ 
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5.4. The first approximation. For each element of the indexing set j S J we will define a subset 
Bj C . We will show that this is an exceptional block unless G is of type A. In the latter case we will 
have to replace Bj by an appropriate smaller subset Bj. 
First, we define the inner part as 

/97^ Rinn _ / ^ p+ (1) PHj ± 2i^[wv) G Rj for ah w G WLi„„ 1 

j -\^^^L.„„ (2) JC + Z.Z.GPL /• 

After that we define the outer part as 
(28) B?"* = J G Ker /i* n P+ 



PHj - /ij'(w^Lout^) - ^*(^Li„„z^) + i*{w'^,^y) G Rj 
for all V, v' G B]"", G Wl„„,, and t«Li„„,<j„„ G Wl^^ 



And finally, we consider the set 

(29) Bj = B?"t+je + i,(Bp). 

Remark 5.5. In both definitions (j27p and (I28p we can replace all terms of the form i^{wv~) with w G Wlj^^ 
by wi^{i') and allow w to run through the entire group Wl. Indeed, this follows from the decomposition 
Wl = Wljj^j X Wlj^^ together with the fact that Wlj^^^ acts trivially on the image of i*. 

5.5. Very special representatives. In this section we will define a certain class of elements of the set 
SR^ and using them define a subblock Bj C Bj. In fact, Bj = Bj unless G is of type A. 

Recall that Lout = SL^, see (|24|) . We will use the following representation of the weight lattice of SL^: 



^'SL, = {(Ai, . . . , Afc) G Q^^ I Ai - Xi+i G Z for alll < i < A: - 1 and ^ Ai = 0}, 

i=l 

where the simple roots and the fundamental weights are given by 

/ \ / k — t k — t t t \ 

a.= (0_0,l,-l,0__0), ..= (^,...,^,--,...,--). 

Remark 5.6. Note that this representation fixes the scaling of the scalar product as = 2 for all 
1 < t < k — 1. From now on we fix this scaling. 

Let H = Hq for some o, 1 < a < 6. For each v G SR^ define 
(30) 0(^):=%P^fl-fc^^'"^^' 



Definition 5.7. An element v G SRjj is very special if (piv) is a positive integer. 

Lemma 5.8. If G is a group of type B, C or D, then there are no very special elements. 

Proof. Consider the standard numbering of vertices. Let /3 = a^- Note that if we take -Dout to be empty 
then we have nothing to check (since we assumed a > 1). This means that we only have to consider the 
case when -Dout consists of vertices from 1 to A; — 1. 

First, assume that either k < n — \ for type B and k < n — 2 for type D or any k for type C. Then 
= 1, = /c and we see that the second factor in (j30p vanishes, hence 4'{v) = 0. In the remaining 
cases {k = n for type B and k = n for type D) we have (^,(^i) = 1/2, = n/4, and = n, so the second 
factor vanishes as well. □ 
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Remark 5.9. It seems plausible that for types E, F and G there are no very special elements as well, 
although we have not checked this. On the contrary, for type A 

'Piv) = (C, P - vp)/ {n + l-k), 
so very special elements correspond to f G Sn+i such that v{n + 1) = k. 
Now we are ready to define the block — we just set 

B?"* = {AG B°"* I {X + vp- p,ai-\ h Ofc-i) < (piv) for all very special v}, 

(31) B]"" = B]"", 

Bj = B°"t+je + i*(Bi""), 

Further we will show that the block Bj defined by ([5T]) is exceptional if the outer part of it, considered 
as a set of Young diagrams, is closed under passing to a subdiagram. In fact, we will prove part (a) of the 
criterion 13.131 in section [6] (without additional conditions). And part (b) of this criterion will be proved 
in section [T| provided the above condition holds. Finally, the above condition will be verified for groups 
of type BCD by direct computation in section O 

5.6. Exceptional collections. Before we proceed to the proof that the constructed blocks are excep- 
tional we will explain how one can make these blocks smaller in order to achieve semiorthogonality of 
the subcategories of 'D^{X) generated by the corresponding equivariant bundles. 
First, we define subsets Bj"" C B?"" by the formula 

for all j' <i,u'e B],"", and wi^._,wl_ G Wl,„„ 1 
one has pu-, - (j - j')'^ - wi^i^J^v + w'-^^.^^J^u' G R-", J 

Note that the above formula is recursive — it describes Bj"" in terms of all Bj"" with j' < j. We also set 

for all j' < j, G Bj"", u' G Bj,"", i«L,„„, e Wl,_, and u;l € Wl 1 

one has p^., - h^WLXo + (j -]')£,) - wj^i-^J^v + w'l^^^j*^' G R*, j 



(32) Bj"" =lue Bj"" 



(33) Bj'"* = <^ Ao G B?"* 



Note that by Remark \b.b\ we can let the elements wi,.^^^ and w'^, run through the entire group Wl in 
the definitions (|32p and ()33p . Finally, we set 

(34) Bj = Bj'"t+jC + i,Bj"", 

and define the subcategory 

Theorem 5.10. The collection of subcategories {^j}jej ordered by increasing of ] is semiorthogonal. 
Proof. Assume that j' < j. Let Aq G Bj'"*, A^ G Bj?"*, u G Bj"", v' G Bj,"". We have to check that 

Ext'(Z^^"+j«+**'',Z^^o+j'«+**^') = 0. 
By Corollarv 12. 161 we have to check that for any L-dominant weight 

p G Conv(Ao - -wlAo + (j' - j)'^ + - iL'Li*i^)i«LeWL 
the sum p + pc \s singular. Note that hyiX'o) = since Aq G Bj?"* C Ker /ij",, hence 

hy{p + Aq - tt^LAo + 0' - j)^ + i*v' - wi^i^v) = pn^, - hy{w-L\Q - (j - j')6 + ^*'>^' - wlUi^- 

By definition of Bj""*, all these weights for G Wl lie in the interior of the core Rj/, hence hy{p + /)) G 
Rj*, and so by Lemma [531 hy{p + p) is singular. But the map hy preserves regularity, hence p + p is 
singular as well. □ 
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6. Verification of the invariance condition 

In this section we prove that the blocks Bj and Bj constructed in section [5] satisfy the invariance 
condition (part (a) of the criterion I3.13p . 

First, we will need the following simple fact. Assume that H C H' is a pair of semisimple groups 
corresponding to subdiagrams Dh C Z^h' of the Dynkin diagrams such that -Dh' \ Dn consists only of 
one vertex. Let a be the corresponding simple root and rj the corresponding fundamental weight of H'. 

Lemma 6.1. There is a positive integer k = 

Pw 

Moreover, for all < c < k the weight pui - 

Proof. Let us denote the embedding H — )• H' by h. Then as we know h*piii = pn and Ker h* = Zrj. 
Therefore, 

h*w^w^'pH' = -h*w^pH' = -w^PH = PH, 

so 

pw - w^wf'pw = kr] 

for some k (z Z. Moreover, the LHS is a sum of positive roots by Lemma |2.3^ hence {kr],r]) > 0, hence k 
is positive. This proves the first statement. 

For the second let us check first that any weight pn' — cry with < c < k lies in the convex hull of 
Pw — V and Wq^w^' ph' + rj, hence in the interior of any core in Ph' <^ Indeed, pH' — ?7 is dominant, so 
taking any strictly dominant 6 we see that {S,pu' — = {S,pw) — iS,'n) < i^^Pw), hence pn' — r] £ 
by Lemma |5.2[ On the other hand, 

Pw - {k- l)v = wfw^'pn' +r] = w^wf {pu' + wfw^r]) = w^w^' {pu' + w^'v)- 

Since —vu^'rj is a fundamental weight of H', the same argument as above shows that 

PW + wfr] = PH' - {-wf\) G RJ. 

Hence, we obtain that pH' ~ — 1)^/ is also in RJ. Since RJ is convex, we see that pH' — cr] is in the 
interior of the core for all 1 < c < /c — 1. Hence, all these weights are singular by Lemma |5.3[ □ 

Remark 6.2. One can also deduce the claim geometrically. Consider the Grassmannian of H' correspond- 
ing to the root (3. Then its Picard group is Z and the pullback of its generator to the flag variety of H' is 
the line bundle corresponding to the weight r]. It is known that the canonical class of the Grassmannian 
is given by the weight w^w^,p — p. On the other hand, it is equal to the line bundle corresponding to 
the weight —krj for some A; € Z. This gives the equality. Having all this, the singularity of weights p — cr] 
with < c < /c is clear. Indeed by the Borel-Bott-Weil the singularity of p — cr/ is equivalent to the 
vanishing of the cohomology of —cr], which indeed vanishes by Kodaira vanishing theorem. 

Now we can verify the invariance condition. 

Proposition 6.3. Let k € OPi(Bj), v G 0P2(Bj). Then k € Ker/ij* and v G Whj- In particular, vk = k. 

Proof. Take arbitrary A, A' G Bj. Then X = Xq + + X' = X'q + p^ + i:ti^', with Aq, Aq G B°"* and 
z^, z^' G Bj"". Note that for any wi, G Wl we have 

(35) /ij*(p + A' - w-lX) = h^{p + A'o + i*u' - wi,Xo - wi,i^v) = h^{p - w^Xq) + - wi^i^i/ 

since Aq G Keri* and /ijoi = i. So, by definition of Bj (using Remark [5.5p we conclude that the weight ([35]) 
is in R5. 

28 



= kh',h such that 
-kr] = w^w^' pu'- 
■ en is singular. 



Let {k,v) G OP(Bj), that is {k,v) G 0P(A,A') for some A, A' G Bj. By definition of tlie output set the 
weight 

/X := v{k + p) - p e Conv(A' - wlA)u.lGWl 
is L-dominant and p + p is G-regular. Moreover, h*^{p + p) is in the convex hull of the weights (|35p (where 
wi, runs through Wl) hence is in the core R^. So, Proposition 16.41 below applies and we conclude that 
K G Ker/i?, G Whj. □ 

Proposition 6.4. Assume that a weight p (z Pl satisfies 

(36) p£P+, p + p^P'^\ /i:(^ + p)GR5, 

for some a, < a < b. Let also p = v{k + p) — p he the unique presentation of p with k G Pq and 
V G SRq. Then 

V G SRq nWn, and k G P^t n Ker /i* . 

In particular, vk = k. 

Proof. To simplify the notation we write H instead of Hq and h instead of ha- Set M = L n H. 
Note that h* takes regular L-dominant weights of Pq, to regular M-dominant weights of Ph; hence 
h*{p + p) is regular and M-dominant. On the other hand, h*{p + p) G R5, so Lemma [5131 implies that 
h*{p + p) = vpn with V G Wh. Thus, vpu is M-dominant, so we have v G SR^ . Further, vpn = h*{vp), 
hence h*{p + p — vp) = 0. Denoting 

K, = p + p — vp 

we see that k G Ker h* and p = vp — p + k. Since k G Ker h* and v G Wh we have vk = k, so p can be 
written as v{k + p) — p. So it remains to check that k is G-dominant. 

To check the dominance of a weight we should check that its inner products with all simple roots are 
nonnegative. We divide the simple roots into three groups and consider them one-by-one. 

Case 1: the simple roots of H. If a G Dh then (k, q) = since k G Ker/i*. 

Case 2: the simple roots of G not adjacent to I?h- If ct is such a root then v~^a = a since v G Wh, 
hence {vp,a) = {p,v~^a) = {p,a), therefore («;,«) = {p,a) > 0. The last inequality follows from 
L-dominance of p since simple roots not adjacent to Dh are roots of L. 

Case 3: the simple root adjacent to Dh- Let a be such a root and let H' be the reductive subgroup 
of G such that L'h' = Dh U {a}. Let r] G Ph' be the fundamental weight of H' corresponding to the 
root a. Let /i' : H' ^ G be the embedding, and let h denote the embeddings H ^ H' and H — ?> G. Note 
that Ker{h* : Pw ^ Ph) = "^V- 

Note that h*{h')*{p + p) = h*{p + p) = vpu = h*{vp-ii'), hence {h')*{p + p) = vpu' + cr] = v(/9h' +cr]). 
It is enough to show that c > 0. Indeed, since a is a root of H' we have a = /i^a, so 

{k, a) = (k, h'^a) = {{h')*K, a) = {{h')*{p + p — vp), a) = {vpu' + crj — vp^i, a) = c{ri, a) = > 

and we are done. So, assume that c < 0. Since v^^{h')*{p + p) is regular. Lemma [6.11 implies that 
v~^{h')*{p + p) = Ph' + crj = —w^pu' — c'r] with c' > 0. Then 

{h')*p = v{-wfpn' - drf) - {h')*p = -vw^pw - Pw - crj. 

Let us check that the scalar product of this weight with a is always negative. Indeed, (ph' , a) > 
since /9h' is a strictly dominant weight of H'. Further, the root w^v~^a is positive since {r],Vij^v~^a) = 
{vw^rj,a) = {rj,a) > 0. Therefore, {vw^p-ii',a) = {pu' ,w^v~^a) > 0. Finally, {c'r],a) > since c' > 0. 
Thus, we see that 

((/i')V,a) < 0. 

But this is equal to {p, a) which is nonnegative since p is L-dominant. This contradiction shows that we 
actually have c > which completes the proof. □ 
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7. Adapted weights and compatibility condition 



Let L be a reductive algebraic group. For any subset S C of the set of dominant weights of L we 
denote by Repg{L) the subcategory of Rep(L) consisting of direct sum of irreducible representations with 
highest weights in S. We also denote by II^ : Rep(L) — )• Rep(L) the corresponding projector (that leaves 
only representations in Rep5(L)). 

A morphism / : — > V2 in Rep(L) is called an S'-isomorphism if Hsif) '■ 'n^s{Vi) '^^3(^2) is 
an isomorphism. In other words, / is an S-isomorphism if it induces an isomorphism on A-isotypical 
components for any X £ S. 

We say that a pair of L-dominant weights (k, A) is adapted to S (or S'-adapted) if the natural map 

(37) V^^+^ ® ^ VE Vl ® ^ VE UsiV^ V^) 

is an S'-isomorphism for any /i € S. 

The goal of this section is to show that for all (k, v) G OPi(B) x 0P2(B) the pair (k, vp — p) (considered 
as weights of the Levi group L) is B-adapted for either B = Bj or B = Bj. In fact, we will prove the 
following more general statement. 

Take any a with < a < 6, any j e Q and any subsets B'"" C , B°"* C P^t n Ker h* (we will write 
H for Ha and h for ha for brevity) such that j,^ + «*B'"" C Pl- Set 

B = B°"*+je + i*B'"". 

Let us denote M = M n H. Note that the elements of B""* can be viewed as Young diagrams. 

Theorem 7.1. Assume that the set B°"* has the following two properties: 

(1) for all A G go"* qH y^ry special v G SR^ we have {X + vp — p,ai + • • • + Ofc-i) < (pi^); 

(2) the set B°"* is closed under passing to Young subdiagrams. 

Then for any k G Pq H Ker/i* and any v G SR^ the pair {K,vp — p) is B-adapted. 

Corollary 7.2. Assume for some j G J the set B?"* (resp., 6?"*^ is closed under passing to Young 
subdiagrams. Then the block Bj (resp., BjJ is exceptional. 

Proof. Set B = Bj (resp., Bj). It is enough to check the two conditions of Proposition 13.13) for B. The 
invariance condition holds for this block by Proposition 16.31 To check the compatibility condition we can 
apply Theorem 17. li The first condition of this theorem holds by the definition (j3ip of the block Bj , while 
the second holds by assumption. It remains to observe that for any pair k G OPi(B), v G 0P2(B) we have 
«; G P(t n Ker/i* and v G SR^. Hence, TheoremED applied to B and a pair n G OPi(B), v G 0P2(B), 
implies that the compatibility condition is satisfied for B. □ 

Unfortunately, we were not able to find an abstract way of checking that Bj or B?"* is closed under 
passing to Young subdiagrams. So, we will check it for classical groups in section [9] as a result of an 
explicit description of the blocks. 

7.1. Preparations. We start with a description of the connected component of the center of L. 

Lemma 7.3. Let 7^ d be the connected component of the center of L. Then Z = Gm o-nd the map 
Pz, ^ Pz = induced by the embedding Z — > L, is given by the scalar product with the minimal rational 
multiple 0/^, such that (o^, — ) is an integral valued function on Pl. 

Proof. First, note that Z = G-m since it is a 1-dimensional (since P is maximal) connected commutative 
reductive group. As a consequence, Pz = Since the map Pl — )• Pz is dual to the embedding of Z into 
a maximal torus of L, it is surjective. Note also that the adjoint representation of the semisimple part of 
L is a trivial representation of Z, hence all simple roots of L are mapped to zero. This implies that the 
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map is given by the scalar product with a muhiple of ^. Moreover, since the scalar product should 
be a map to Z, it follows that (o^, — ) should be an integral function on Pl (and in particular, c should 
be rational since the scalar product has rational values on the weight lattice), and the surjectivity of the 
map implies that c is minimal with this property. □ 

Now take any k € Kerh* D Pq, v € SR^ and ^ € B, and consider the morphisms 

(38) y^«+^p-p ^ ^ V£ ^ Vl^-P ® ^V£0Ub (^l^"'' ®V^). 

To get hold of these tensor products we consider the diagram of groups 

Lout ^ 'G'm ^ Linn 



GLfc X Gm X Linn 

where vr and zu are defined as follows. Let Z be the connected component of the center of L. We use an 
isomorphism Z ~ Gm as in Lemma 17.31 so that the corresponding projection Pl — >■ Pz = Z is given by 
A I—)- (c^,A), where c is the minimal positive rational number such that (c^,A) G Z for all A € Pl- The 
morphism vr is induced by the embeddings o : Lout — > L, i : Linn L and by the isomorphism Gm — Z. 
The restriction of w to Lout = SL^ (resp., Linn) is given by the natural embedding SL^ C GL^ (resp., 
the identity map to Linn)- Finally, the restriction of zu to Gm is given by z ^ (z(^«''^i) X l,z,l). We win 
express the pullbacks by vr of all representations involved in (I38p as pullbacks by zu of representations of 
GLfc X Gm X Linn, and then will reduce the claim to an analogous statement about representations of GL^,. 
Recall that irreducible representations of GL^, are numbered by nonincreasing sequences of integers of 
length k. 



Lemma 7.4. We have 



On the other hand, 

Proof. This is straightforward (to compute the central character of vr*V^ use Lemma l7.3p . □ 
Now we will need more precise information about representations entering into ()38p . 



Lemma 7.5. Let k € Kerh* n Pq. Then there exists a unique nonincreasing sequence of integers 

= {ki > /t2 > • • • > Ka > = ' ' ' = /^A: = 0) SUch that 

Proof. By definition, k is a nonnegative linear combination of wi, . . . , Ua- Let K1—K2, K2—K3, . . . , Ka-i—Ha 
and Ka be the coefficients. Then ki > • • • > Ka > 0. Extending this sequence by Ka+i = • • • = = we 
obtain a sequence k,. To prove the required isomorphism we use Lemma 17.41 By this Lemma, we only 
have to check that (o^, k) = (o^, uji) "^2^=1 ^i- For this we note that for i < bwe have = 2uJi—UJi-l—uJi-^.l, 
hence {c^,uji) = i{c^,uji), so 



k 

1=1 1=1 1=1 



{cC,k) = (c^,a;i) ^i(Ki - Ki_i) = (c^,a;i) = (c^,a;i) 



as required. □ 
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Lemma 7.6. Let v G SR^ • Set = i*{vp — p). Then there exists a unique sequence of integers 
= Ti = • • • = > Ta+i > • • • > Tfc such that 

where 

(39) z{v) = {vp-p,c^){l-k{uJi,OVf)- 

Proof. Consider the restriction o*{vp — p). It is a weight of SL^. A weight of SL^ can be thought of as a 
weight of GLfc up to adding a central character. In other words, it is given by a nonincreasing sequence 
of integers up to a simultaneous translation. Consider the sequence ti > • • • > representing o*{vp — p) 
such that Ti = 0. Note that vp — p\s orthogonal to ai, . . . ,aa-i (because these roots are orthogonal to 
the roots of H and hence are t;-invariant), hence ti = T2 = ■ ■ ■ = Ta- 

Further, we denote by ly^ the weight i*{vp— p). Then the representations ■k*V^^ ^ and ro*(V^GLj. <^^" ) 
have the same restrictions to Lout and Linn, so it remains to compare the central characters. First, the 
central character of V^'^~'^ is (c^, vp — p). Further, the central character of is (c^, oji) ^ r^, while the 
central character of V-^'" is 0. Note that since ri = 0, we have 

-'-'inn 

= -{ku]i,o*{vp- p)) = {vp- p, -ko^uji) = {vp- p, -kuJi+k{{uJi,C)/f)€) = K^p- P,0{^i^O/f- 
So, we see that the difference of the characters is 

{vp - p, cO - (c^, iOi)k{vp - p, 0{^i,0/f = {vp - P, cO(l - A:(wi, OVe') = z{v). 
Thus, twisting V^^_^ (g) Fl-" by V^l^' we obtain an isomorphism. □ 
Lemma 7.7. Let p = po + + i^v € B. Then there exists a unique nonincreasing sequence of integers 

pm = {Pl > ^2 > • • • > Ma ^ Pa+1 = ' ' ' = Mfc = 0) SUch that 

^*Vl = rn*{Vl^i^®v£®Vl_). 

Proof. Note that V^* = ® y^^'^*'^ _ Since € Ker/i* n Pq, we already know from Lemma 17.51 that 
^*y^o _ ^*y^'^^ £qj. uniquely determined sequence p, = {pi > P2 > • • • ^ pa ^ Pa+i = • • • = Pk = 0). 
So, it remains to express 7r*V-i^~^^*'^ as a product of representations of Gm and Linn- Since ^*(j^ + i*i^) = 
the Linn-component is V£, . On the other hand, the Gm-component is (c^,j^ + = cj^^. □ 

Proposition 7.8. A representation ^*(V'ql^ (X" tX" V^, ) is isomorphic to a pullback via n of a 
representation in B if and only if u ^ B'"", 

a 

(40) ^(Ai - G B°"t, 

i=l 

and 

(41) A.+i = ... = A, = U4^- 

k{ci,uji) 

Proof. Note that by Lemma 17.41 for any s € Z we have 

So, taking s = Xk and using Lemma \77l\ we deduce z + kXi^{c^,uJi) = cj^^. The Proposition follows. □ 
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7.2. Proof of the compatibility. The goal of this section is to prove Theorem l7.ll So we take arbitrary 
/i = /xq + + G B, consider the tensor product V£ V^^~'' (8" V^* and look at all its irreducible 
components which are in B. For this we pull it back to Lout x Grm x Ljnn and use decompositions of 
Lemmas 17.51 17.61 and 17.71 We will get 

^*(^Gu ^ ^ ^Gu) (8) y£^^'''' (8) ® vi^j- 

By Proposition 17.81 we should take all irreducible components of V^" ® V-^. which are in B'"" and all 
irreducible components V^^ of V^^ ® V^l (g) V^^ which satisfy ([MD and (jHI. Note that (gl]) shows 
that Afc is equal to 

4v) _(p-»P.f)^_,(f:^\ 



So, we conclude that 

(42) Aa+i = --- = Afe = (/.(t;). 

Let S'"" = B'"" and let 5°"* be the set of all A, satisfying (gOD and (02]). Then 



This means that the pullback via vr of the map (|38p coincides with the pullback via w of the tensor 
product of the maps 

(43) y-r* ® y^C, ^ ® ^GL, ® ^Gu ^ ^Gu ® nsout(y-^ ® y^^L;) 

and 

(44) Vj^- (g)W;. ^noi„„(K'^" ^vr. ) 

(and everything is twisted by z(i;)+cj^^), and we have to prove that is an ^""^-isomorphism, and 
is an S"""-isomorphism. Note that the second holds automatically, so we can concentrate on the first. 

Let S*""* be the set of all A, satisfying only ()42p . We claim that if we replace in ()43p the projector 
n 5out by UgavLt ) then the obtained map 

(45) ^GL-r* ® ^c^l; ^ V^GU ® V^GL, ® V^G^U ^ ^GL*, ^ ^~S^^^ (^GL, ® ^G^L, ) 

will be an ^""^-isomorphism. Indeed, if (j){v) is a nonpositive integer then this is Corollarv I1U.3I If (l){v) 
is not an integer, then S*""* = 0, so any map is an ^""^-isomorphism. Finally, if (j){v) is a positive integer 
then u is very special, hence we have (// + f/3 — /9, ai + ••• + afc_i) < (j){v). This means that /ii + rfc < A^, so 
the tensor products V^^^'^' V^' and VJ"[ (g) V^^ contain no terms in 5*""^. Thus, after applying Ileout 
both the source and the target of the map (j43p become zero, hence the map becomes an isomorphism. 
This finishes the proof that (j45p is an 5""* -isomorphism. 

It follows that the map ()45p is an ^""^-isomorphism. So, to conclude the proof it suffices to check 
the following property: if A, G S"""* and Usa,.t{V^^^ V^^J / then A, G S"""*. But all irreducible 
components of Vq'^ V^*^ correspond to Young diagrams containing ( Ai — A^+i , A2 — Xa+i , ■ ■ ■ ,^a — Aa+i ) 
as a subdiagram, so if one of them is in B""* then (Ai — Aq+i, A2 — Aq+i, . . . , Aq — Aa+i) is also in B""*, 
since B""* is closed with respect to passing to a Young subdiagram. 
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8. Explicit description of the exceptional blocks 



In this section we will pass from the abstract description of the block Bj given in subsections 
and 15.51 to a more explicit description which will be used later to deal with concrete examples. We show 
in fact that both the inner and the outer parts of the blocks are described by several simple inequalities, 
numbered by WMj-orbits in the Whj -orbit of the shape 6aQ) of the core Rj. 

Let us fix j G J. It will be convenient to write the shape 5 = 5^^^ G Pjj. of the core Rj = R5 in the 
form 

(46) ,5 = -h*j, 
where 7 G Pg- 

Remark 8.1. Since the action of the Weyl group on roots is much better understood than on arbitrary 
weights (for example, one can use tables of roots), the most convenient choice of 7 is the simple root of 
the vertex of adjacent to Dn.. In this case the Whj -orbit of 7 is described in Lemma l2.7i 

8.1. The big blocks. First, we give a description of the block Bj. 

Assume that 7 G Pc and that 6 is defined by (j46p is Hj-dominant. To unburden the notation we will 
write H for Hj, h for /ij, and M for Mj = L PI Hj. Since Wm C Wh, the Wn-orbit of 7 splits into 
several WM-orbits. We number the orbits by integers 0, . . . ,m in such a way that the 0-th orbit is the 
W]v[-orbit of 7 itself. 

In each WM-orbit we have two special elements: the unique M-dominant representative 74+ and the 
unique M-antidominant representative ^t- (where < i < m). Note that 70- = 7, since we assumed 
that /i*7 = —5 is H-antidominant. Using these data we can describe the block Bj more explicitly. We 
start with the inner part of the block. 

Proposition 8.2. We have 

(47) B?"" = /ly G P+ max{(r7t+,zy),-(i*7t_,i/)} < i(/i*(7t- -i),Ph) for all < t < m | 

j \ ^'"^ and ](, + i^iy £ Pl )' 

Proof. By definition, Bj"" is the set of all u such that -|- G Pl and pu ± 2wi,^^^i^h' G R5 for all 
^Li„„ G WLj^jj. We start by analyzing the second condition. Substituting the definition 15.11 of the core 
R^, it can be rewritten as 

ginn ^ ginn ^ |^ ^ p+^^ | _ (^^^h*^^p^ ± 2wj^._Z,u) < -(^7,^)}- 

Since h* is Wn-equivariant, this inequality can be rewritten as 

±{h*WHl,2w-L.^J^iy) < (/i*(wh7 - 7):m)• 
Note that wnj = WM7t+ for appropriate wm G Wm and t G {0, 1, . . . ,m}. After such a substitution 
the inequality takes the form 

±{h*WM7t+,'2wi,.^J^iy) < {h*{wmlt+ -7),m)- 

Let Mout = Lout n H. Then Wm = WMout x Wlj^^. In particular, we can write wm = ^Mout w^Mi„„ 
with WMout ^ ^Mout) ''^Minn ^ ^Linn " Morcovcr, i^^u is fixed by WMout? hence the LHS is equal to 

±2{h*-ft+,w^wi,.^^J^v) = ±2(/i*7t+,u;MLt^Mi„„^Li„„«*J^) = ±2{h*-it+,w'j^.^J^v), 

where Wt = w^} w-l,.^ . Note that w't in the LHS runs through Wl:„„ independently of wm in 
the RHS running through Wm- Hence, the inequality for all u^l,.^^ G Wlj^^, wm G Wm is equivalent to 

max {±2{h*jt+,w'j^ uu)} < min {{h* {wMlt+ - , pu)} ■ 

inn 
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(48) i,- 



The expression under the maximum can be rewritten as ziz2({w'-^, )^^i*7t+, v). Since both ly and i*7t+ 
are Ljnn-dominant the expression with "+" sign is maximized on w^. = 1, and the expression with 
"— " sign is maximized on {w'-^, )~^i*'yt+ = 'i'*lt-- Thus, the LHS is 

max{2(r7i+, u), -2(i*7t_, i^)}. 

Similarly, since /jh is M-dominant, the expression in the RHS is minimized on t(;M7t+ = 7t-- The claim 
follows. □ 

Now let us rewrite more explicitly the definition of the outer part of the block Bj'"* . Denote by 7t the 
Lout-dominant representative in the Wl^^^ -orbit of h^h*'^t+- Also, set 

*'+ - max{(i*7t+,z.) | z. e B?""}, 
d'f :=-min{(r7t_,z^) | u G Bj""}. 

Proposition 8.3. We have 

(49) Bf = {A G Ker /i* n P+ | (A, 7t) + + d\~ < {pn, it- - l) for all < t < m}. 

Proof. Take A € Ker h*nP^. By definition A G B?"* if and only if h*{p-w-LX)-wi,^^J^i^+w'i^,^J^iy' G R^. 
By definition of this is equivalent to 

{h*{p - w-lX) - WLi„„i*z^ + w'l^i^J:,^', -vuh*j) < {pn, -h*i) 

for ah u,u' G B|"", u-l G Wl, wj^.^^,w'^.^^ G Wl.„„, and i-h S Wr. Note that Wl = Wl.,^, x Wlj„„ 
and that A is Wlj^^ -invariant. So we can rewrite the above condition as 

{h*{p - WLo„t A) - wi^.^^J^u + w'^,^jW, -WH/i*7) < (/5H, -h*i) 

Since h* is Wn-equivariant we have viih*j = h*{viij). Further, each weught viij can be written as 
VM.7t+ for some < t < m and vm G Wm- This allows to rewrite the condition as 

for ah G B]"", WLout S Wl^^^, WLi„„,w^Li„„ ^ ^Lj^^, vm G Wm, and all t, < t < m. Now recall 
that h* p = ph and move it from the LHS to the RHS: 

ih*{-w^^^,X) -wi,,^J^u + w'i^.^J^jy',-VMh*-ft+) < (pH,/i*(wM7i+ -7))- 

Now, writing vm. = VMout'^'Linn ™ LHS, taking into account that h* is WM-equivariant, and substi- 
tuting wt . with tfT *,^r^ wt,. wither. , and Wj with we rewrite the condition 

o Mout ^o"t l^out' Linn ^'"n ^inn ' Linn l^inn l^inn 

as 

{h* {-w^^^.X) - wi^.^J^u + w'l^.^J^u , -h*jt+) < {pu,h*{vMlt+-l))- 
Finally, using the adjunction of h* and /i* and of i* and we rewrite this as 

{WL^^,X,h^h*Jt+) + ('U;Linn'^,^*7t+) + (-'^Linn^''^*^t+) - ipH , h* {vMlt+ " 7))- 

Note that each term on both sides contains an action of a Weyl group element, and these elements run 
through the corresponding Weyl groups independently. Therefore, one can replace each summand by its 
maximum (in the LHS) or minimum (in the RHS) to obtain an equivalent inequality. 

The maximums of the second and the third summands in the LHS are given by d*'^ by definition. 
The first summand can be rewritten as (X,Wj^ /i*/i*7t+) and since A is Lnut-dominant to achieve the 
maximum one should choose w^^ ^ in such a way that the corresponding weight is also Lout-dominant. 
By definition, it is 74, hence the maximum of the first summand is (A,7f). Finally, as in Proposition 18.21 
we obtain that the minimum in the RHS is equal to {pn^Jt- — 7)- Combining all of this together we 
obtain the result. □ 
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8.2. The small blocks. Now we will give a description of the blocks Bj. 

Take j, j' G J and assume that j' < j. As before we write H for Hj, h for hj, and M for Mj = L n Hj. In 
addition, we will write H' for Hj/, h' for hy, and M' for Mj/ = L fi Hj/. Similarly we denote by 7 and 7' 
the weights such that 6 = — /i*7 and 6' = —{h')*^' are the shapes of the corresponding cores. We number 
the orbits of Wm' on Wh'7' from to m', and we denote by 7^_|_ the M'-dominant and antidominant 
representatives of these orbits. 

The proof of the next two results is analogous to that of Propositions 18.21 and I 



Proposition 8.4. The inner part of the block Bj can he described hy the following system of inequalities 

for all j' < j and for all <t < m' f ' 



(50) 



ginn 



where for j' < j 
(51) 



min{(r7;_,i/') I I/' G Bj,""}. 



Proposition 8.5. The outer part of the block Bj can he described by the following system of inequalities 



(52) B' 



out 



A G B 



out 



(A,7D + ii-mh'T^, {h')H+) + 4+ + 4- < (m', {h'TU- - 7')) 

for all j' < j and for all < t < m' 



where 

(53) 4'_+:=max{(r7;+,^.) | z. G B]""} 

and 7^ is the Jj^ut- dominant representative in ^'LavLt^'*{^')*lt+- 



9. Explicit collections for classical groups 

The construction of the previous section allows to construct a (conjecturally full) exceptional collection 
for isotropic Grassmannians (in types B, C and D), and many interesting collections in type A. 
So, assume that G is of type C ox D and consider the standard numbering of the vertices. 

12 3 



k-l 


k 


k+l 


k-l 


k 


k+l 


k-l 


k 


k+l 



n-l 



n-l 




n-l 



Diagram Bn 
Diagram C„ 
Diagram Dn 



To treat these cases simultaneously it is convenient to denote 

'1/2, if G is of type 
(54) e = < 1, if G is of type C, 

0, if G is of type D. 

Then the weight lattice Pq, can be identified with the sublattice of Q" spanned by (1 < « < n) with 



B,C,D 



(1,1, 



1,0,0,... ,0), l<i<n-2 + 2e, 



B,D 
^n-l 



= (1/2, 1/2,..., 1/2, 1/2), 
= (1/2, 1/2,..., 1/2, -1/2). 

Let k be the number of the vertex of the Dynkin diagram of G corresponding to the maximal parabolic 
subgroup P, so that ^ = w^. 
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9.1. Isotropic Grassmannians. First, we assume that 

k <n + 2e-2. 

In other words, k <n — \ for type B, k < n for type C and k < n — 2 for type D. Then 

'0Gr(A;,2n + 1), A: < n - 1 (G is of type 5„) 
X := G/P = <^ SGr(/fc, 2n), k<n (G is of type C„) 

0Gr(A;,2n), A; < n - 2 (G is of type D„) 

Let Dout be the component containing vertices from 1 to k — 1. Then b = k — 1 and Dinn is the 

component containing vertices from A; + 1 to n. Note that i* is the projection onto the last n — k 

coordinates while o* is the projection onto the first k — 1 coordinates. Let ei, . . . ,6^ be the standard 

basis in Pg = Q"- Then the simple roots are 

B,C,D 1 / • / 1 

ttj = Si - Si+i, l<i<n-l, 

Note also that 

p = (n + e — 1, n + e — 2, . . . , e), 

thus {p, Si) = n + e — i. 

Now take any a < A; — 1. Then the projection /i* is the projection onto the last n — a coordinates (it 
kills all £i with i < a). The simple root corresponding to P is /3 = — e^+i, so the maximal root of Hq 
with the coefficient of (3 equal to l\s Pa = £a+i +efc+i7 so by Lemma [2. 181 the index of the Grassmannian 
H„/(H„ n P) is 

ra = {p,P+~Pa)/{i,P)=2n + 2e-a-k-l. 

In particular, we see that when a decreases by 1, increases by 1. Also, note that rk-i = 2n + 2e — 2k, 
while 

r = ro = 2n + 2e — A; — 1. 
Further, the weight 9 defined by (j25p in this case is 

= (0,0,. ..,0,1,0,0,. ..,0). 

fc— 1 n— 

It follows that (6*, Pl) = if G is of type S or D and (6*, Pl) = Z if G is of type C and 

'iZn [0,2n- A;- 1/2], if G is of type B 
Zn[0,2n-A;], if G is of type C 

iZn [0,2n - A; - 3/2], if G is of type 

Applying ([26]) we conclude that 

'[jj, ifj<fc 
A;-l, ifj>A: 

Now we are going to apply Propositions 18. 2( 18.31 18.41 and 18.51 We take 



la = OLa= Ea- Ea+l- 

Note that Wh^ acts by permutations of the last n — a coordinates and changes of signs of the coordinates 
(in case of type D by pairwise changes of signs), while Wm^, acts by permuting coordinates from a + 1 
to k and from A; + 1 to n separately and (pairwise) changes of signs only of last n — k coordinates. Thus, 
the -orbit of 7a consists of all vectors ea±ej,a-|-l<i<n, and it splits into three Wm^ -orbits: 

{^a — £i}a+l<i<A;) {^a ± £i}fc+l<i<rn and {Eq -|- ei}a+l<i<A;- 
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Thus, using the notation of section [8] we have m = 2 (unless G has type C and A: = n in which case the 
second orbit is empty and so m = 1), and the characteristic weights and quantities from section [8] are 
given by the following table: 



t 


7i- 


(PH,7t- - 7) 


lt+ 


^l7t+ 


7i 


(/i:e,^:7t+) 


^ 7t+ 


« 7t- 










£a - £k 


-£k 


-£k 


-1 








1 




k — a 


+ Efc+l 


^k+1 


^fc+l 







— ^fc+i 


2 




2n + 2e-a-k-l 


£a + £a+l 




£1 


1 









(if G has type C and k = n then the line t = 1 should be omitted). 
Applying Proposition 18.21 we obtain the following description of Bj"": 

B|"" = {{i^k+i, • • • , i^n) G -PLi„„ I 2z^A,.+i <k- a(j) and z^i 
Further, we apply (jlSj) and compute 



;j (modZ)}. 



{j}+L(^-a(j))/2-{j}J, 



(where {— } stands for the fractional part) and for other values of t we have d*'^ = 0. 

Now we can describe B°"*. Note that (74, Ker/i*) = unless t = 2. So, for t = Proposition 18.31 gives 
an empty condition and for t = 1 we obtain the condition that dj'^ + dj' < k — a which holds by the 
definition of d^'^- Finally, the condition for t = 2 gives 



gout 



{(Ai, . . . , A,(j) , 0, . . . , 0) I 2n + 2e - a(j) - - 1 > Ai > • • • > A^q) > 0}. 



Note that the set Bj'"* is the set of Young diagrams inscribed into the rectangle a(j) x (2n+2e — a(j) — /c— 1), 
hence it is closed under taking subdiagrams. Thus, the second condition of Theorem 17. II is satisfied. Since 
there are no very special elements by Lemma [5. 8 1 the first condition is satisfied as well, so Theorem applies 
and we conclude that the block 



B, 



(Al, . . . , An) G 



2n + 2e+]- a{j) - k - 
{k - a(j))/2 > Afc+i > 
Ai,...,A„=j (mod z 



1 > Al > • • • > A,(j) > j 

■ ■ ^ An, 



A 



Afc, 



is exceptional. 

Now we are going to apply Proposition 18.41 First, let us show that 



(55) 



ginn 



ginn 



for j < A; 

{j} + ~ '3^(j))/2 — {j}J- For this we can use induction in j. The base of induction. 



and d^^ = 

j = is clear. Assume that for all j' < j the statement is proved. Then by Proposition 18. 4| the additional 
condition defining Bj"" is 

^fc+i + {/} + lik - a(j'))/2 - {j'}J < k - a(j'). 
We claim that this condition is always satisfied for 1/ G B?"". Indeed, we have 

{j} + lik - a(j))/2 - {j}J + {j'}+L(fc - a(j'))/2 - {j'}J < 
(56) (A: - a(j))/2 + {k - a(j'))/2 = k- (a(j) + a(j'))/2 <k- a(j'), 

and the equality is possible only for if a(j) = a(j') and both {k — a(j))/2 — {j} and {k — a(j))/2 — {j'} 
are integers. But for < k one has a(j) = [jj, so the first shows that the integer parts of j and j' are 
equal, while the second shows that the difference j — j' is integer. This is possible only if j = j', which is 
a contradiction. Hence, one of the inequalities in (j56p is strict as we claimed. This finishes the proof of 
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Now let us check that 



Bj"" = 0, for integer ] > k and 
), for half- integer ] > k. 



ginn 

Indeed, ifj is half-integer take j' = k-1/2. Then dj" = {j'}+ [(A;-a(j')/2-{j'}J = 1/2+ [1/2-1/2J = 1/2, 
so the inequality defining Bj"" C B?"" is 

i/fc+i + 1/2 < 1. 

On the other hand, i^k+i should be a nonnegative half-integer, so we conclude that Bj"" = 0. For an 
integer j > A; we note that already Bj"" = 0, so we only have to check that the inequality (I50p is satisfied 
for 1^ = 0. Indeed, if j' < k then a(j') < k — 1, hence 

+ 4- = {j'} + lik - a(j'))/2 - {j'}J < {j'} + {k- a(j'))/2 - {j'} = (k - a(j'))/2 < k - a(j'). 

Further, if j' > A; is a half-integer then as we already know B?,"" is empty, so dy'~ = —00 and so we do 
not have a restriction on Finally, if j' > A: is integer then by induction hypothesis we have d^,~ = 
while a(j') = /c — 1, so the inequality u^+i + d^r < k — a{]') holds in this case. 

Now let us describe the outer parts of the blocks, B°"*. The inequality (j52|) gives 



It can be rewritten as 



Ai + j - j' < 2n + 2e - a(j') - A; - 1. 



Ai < 2n + 2e - j - A: - 1 + (j' - a(j')). 



Since this inequality should hold for all j' < j we can replace the last summand by its minimum, which 
is equal to 0. So, we conclude that the defining inequality of B""* is Ai < 2n + 2e — j — A: — 1. Since Ai 
should be integer this is equivalent to Ai < 2?7, + 2e — [jj — A; — 2. 

Now we can write down the obtained answer. We denote by Aj the subcategory in 'D{X) corresponding 



to the block Bj. 



Theorem 9.1. Let G be of type B or D. Assume that k <n — 1 for type B and k < n — 2 for type D. 
For each integer t, < t < k — 1, consider the subcategories At and At^i^2 ^'^ ^(^) defined by 



At 



A+1/2 



A, G Z 
= Afc, 



2n + 2e - A; - 2 > Ai > • • • > Af > t = \t+i = • • • = Afc, 
(A: - t)/2 > Afc+i > • • • > A„ > (2e - l)A„_i, 
2n + 2e - A; - 3/2 > Ai > • • • > At > t + 1/2 = Xt+i = ■ 
{k - t)/2 > Afc+i > • • • > A„ > (2e - l)A„^i, 

where e is defined by (fSl]) . Also, for each integer t, k<t<2n + 2e — k — 2, consider the subcategory 

2n + 2e - Ac - 2 > Ai > • • • > Afc_i >\k = t, 



\i G 1/2 + 



At 



A,; € 



Afc+l — • • • — An — 0, 
Then the collection of subcategories 

-^Oi Ai/2,Ai,A^/2j • • • 7 Ak-1, Ak-l/2, Ak,Ak+l, ■ ■ ■ , A2n+2e-k-2 

is semiorthogonal, and each subcategory is generated by an exceptional collection. 
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Theorem 9.2. Assume G is of type C and k < n. Consider the following subcategories in T>{X) indexed 
by integers t = 0, . . . ,2n — k: 



At 



At 



2n - k > Xi> ■ ■ ■ > \t >t = At+i = 
[{k - t)/2\ > Afc+i > • • • > An > 0, 
2n — k > Xi > ■ ■ ■ > Xk-i > Xk = t, 
Afc+i = • • • = A„ = 0, 
Then the collection of subcategories 



Aa 



, fort<k-l 
for t > k. 



Aq, Al, • • • , A2n—ki 

is semiorthogonal, and each subcategory is generated by an exceptional collection. 

9.2. Orthogonal maximal isotropic Grassmannians. Note that if G is of type D and k = n — 1 or 

k = n then the Grassmannian G/P is isomorphic to the Grassmannian of type Bn-i with k = n — 1. 
Thus, the only remaining case with G classical is when G is of type Bn and k = n, which will be 
considered presently. Note that in this case 

X = G/P = 0Gr(n,2n + l). 

As before we take -Dout to be the component containing vertices from 1 to n — 1, and thus -Dinn = 0- 
Further, /3 = e^i, so /Sa = ^a+i and 

ra = {p,(3 + Pa)/iC,l3)=2n-2a. 
Hence, when a increases by 1, the index decreases by 2. In particular, 

r = ro = 2n. 



e = (0,0,...,0,2), 
J = Zn [0,2n- 1]. 



The weight 6 defined by (125]) is 
hence {9,Pl) = Z and 
Applying ([26]) we deduce that 

«(])= Lj/2J. 

As before we take 'Ja = Oia = £a — £a+i- Note that Wh^ acts by permutations of the last n — a 
coordinates and by changes of signs of the coordinates, while Wm^ acts just by permutations. Thus, the 
Wh„ orbit of 7a consists of all vectors Ea ± £i, a + 1 < i < n, and it splits into two WM„-orbits: 

and {Sa + ej}a+i< i<n • 
Thus, using the notation of section [8] we have m = 1 and 



t 


It- 


(PH,7t- - t) 


lt+ 




7t 


m,K7t+) 





£a — £a+l 







-en 


-en 


-1/2 


1 


£a ~l~ £n 


n — a 


£a + £a+l 




ei 


1/2 



Since Pl^^^ = and a(j) < k = n for all j G J, we have 



In particular, = and thus 



gout 



Bf"" = for all j G J. 



{n - o(j) > Ai > • • • > Aa(j) > 0} 
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Note that this is the set of Young diagrams inscribed into the rectangle a(j) x (n — a(j)), hence it is closed 
under taking subdiagrams. Thus, the second condition of Theorem 17.11 is satisfied. Since there are no 
very special elements by Lemma 15.81 fii'st condition is satisfied as well, so Theorem applies and we 
conclude that the block 

B,.Br.j5.{(A.....,A„, I ^^f^-^^^^-^^^^^y^-K...^—^^. } 

is exceptional. 

On the other hand, the condition (j52p gives Ai + (j — j')/2 < n — a(j') = n — {]' /2\ . It can be rewritten 

as 

Ai <n-j/2 + {j72}. 

Since this should be satisfied for all j' < j, we conclude that Ai < n — j/2. On the other hand, Ai should 
be an integer, so we obtain Ai < n — 1 — [j/2j . 
Now we can write down the obtained answer. 

Theorem 9.3. Assume G is of type Bn and k = n. Consider the following subcategories in 'D{X) (where 
t is a nonnegative integer): 

A2t = \n-l>Xi>--->Xt>t = Xt+i = --- = Xn, AiGZ), 

A2t+i = \n-l/2>Xi>--->Xt>t + l/2 = Xt+i = --- = Xn, AiGl/2 + Z). 

Then the following collection of subcategories 

Ao, Al,. . . , A2n-1, 

is semiorthogonal, and each subcategory is generated by an exceptional collection. 

9.3. Purity for maximal isotropic Grassmannians. Recall that for an exceptional block B the 
exceptional collection [£^)\^^ is strong if and only if it consists of vector bundles (see Proposition 14. 2p . 
Using the explicit form of the blocks we can check that this is true in the case of maximal isotropic 
Grassmannians (symplectic or orthogonal). 

Theorem 9.4. The exceptional collections of Theorem \ 9.S\ for k = n and of Theorem consist of 
vector bundles. 

Proof. By Proposition 14.31 it is enough to check that for each of the blocks B appearing in the collection 
the subquiver Qb C Q contains entirely any path that starts and ends in Qb- 

First, let us consider the case when G is of type Cn and k = n (so G/P is the Lagrangian Grassmannian 
SGr(n, 2n)). In this case L = GL„, so the quiver Q has vertices numbered by dominant weights of GL„ 
and there is an arrow A — ?> /i if and only if 

Homcu {V^, ® {V^^^Y) = Homcu {V^ ® ^^"^ , V^) + 0. 

Thus, if /i corresponds to a Young diagram then so does A and [i is contained in A as a subdiagram. Since 
all the blocks consist of Young diagrams and are closed under passing to subdiagrams, this implies that 
they satisfy our condition on paths. 

In the case when G is of type Bn and k = n the Levi group L is a twofold covering of GL„. If j is 
integer then all A and /x from this block are restricted from GL„ and the arrow A ^ ^ in Q exists if and 
only if 

so the above argument shows that the block Bj satisfies the condition on paths. If j is half-integer then 
Bj = Bj_i/2 + and since the twist by ^ is an autoequivalence, we conclude that the block Bj satisfies 
the condition on paths as well. □ 
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Example 9.5. Assume that G is of type C4 and fc = 3, i.e. X = G/P = SGr(3, 8), and take the block 

Bi = {5 > Ai > 1 = A2 = A3, 1 > A4 > 0}. 

Note also that L = GL3 x SL2 and = V^'^' In particular, we have a path in the quiver Q 

(3, 1,1; 1)^(2, 1,1; 2)^(1,1,1;!) 

which starts and ends in the block Bi, while its second vertex is not in the block. So, the assumption of 
Proposition 14.31 does not hold. On the other hand, the assumption of Proposition I4.4( i) is not satisfied 
as well. Indeed, if A = (4, 1, 1;0) and fj, = (1, 1, 1; 1) and v = S3S4 G SRq then vp — p = (0,0, —3; 1) 
hence C ^ V^^''', so by Proposition Emii) we have Ext^{V^,Vl) ^ 0. On the other hand, 
^ = (1, 1, 1, 0), so X) — fi) = Q — 3 = 3. So, in the algebra Ab^ its bigrading is (2, 3), while the first 
(in the cohomological grading) component of the algebra has bigrading (1, 1) by Lemma 13.31 Thus, the 
algebra cannot be one-generated, and in particular, it is not Koszul. 

On the other hand, it is not difficult to check that the objects £^ with A € Bi are still vector 
bundles. To be more precise one can check that £'-^i.i'i;-^4 g^j^ extension of U^^'^'^''^* by an exten- 
sion of Z//'^i^i'i'i'i^-^4 ]-,y ^Ai-2,i,i;A4_ The key point for such a verification is the fact that the non- 
trivial element in Ext^{U'^^'^'^''^^ ,U'^^^^'^'^''^~^'^) is the Massey product of the canonical elements in 
Exti(Z^^i'i'i'^S^/^i-i'i'i;i-^4)^ ^^^i^llXi-i,i,i;i-X4^K\i-~2,i,i-M-)^ and Ext\U^^'^'^^^'^\U^^-^'^^^'^~^^). 

The above example leads to the following Conjecture. 

Conjecture 9.6. The algebra Ab is one-generated as an A^o algebra. Its Koszul dual is a usual algebra. 

9.4. Numbers of objects. It turns out that the above collections contain the maximal possible number 
of objects. Recall that the rank of the Grothendieck group of G/P is equal to [Wg/Wl[. In the case of 
the series B, C and D these ranks are given respectively by 

2'',k < n, 
2",A; = n. 




n,k) = l^^j ■2'', for A; < n - 2 

(as was explained above, we do not need to consider the case of type D and k = n — 1 or n). 

Proposition 9.7. The total number of objects in the collections of Theorems \ 9.11 \ 9.2\ and \9.3\ equals the 
rank of the Grothendieck group of the corresponding Grassmannian. 

Proof. Let us denote 

-|- /c^ 



Cfc(n) = [{n > Ai > . . . > Afc > 0, A^ G Z}\ 



k 



We will consider the types B, C and D separately. 
1. Type Bn, k < n — I. In this case we have 

\Bt\ = Cti2n- k~l-t)cn^kil{k-t)/2\), for integer < t < A; - 1 

|Bi+i/2| = ct{2n-k-l-t)cn-kClik-t-l)/2\), for integer < t < A; - 1 

\Bt\ = Cfc_i(2n — k — 1 — t), for integer k <t <2n — k — \ 

Hence, the total number of objects in the collection of Theorem 19.11 in this case is 

fc-l 2n.-fc-l 

N^{n,k) = Y,ct{2n-k-l-t)-{cn-k{\ik-t)/2\) + Cn-k{\ik-t-l)/2\))+ ^ Ck-i{2n-k-l-t). 

t=0 t=k 
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But 

t=k i=0 i=0 ^ ^ 

Thus, 

N^in,k) = 

k-l 

Y^ct{2n-k-l-t)- {cn-k{[{k - t)/2\) + Cn-k{[{k - t - 1)/2J)) + Ck{2n -2k-l) = 

t=0 

k 



^ ^).(c„_,(L(fc-t)/2j) + c„_,(L(fc-t-l)/2j)). 
Hence, N^{n,k) is the coefficient of x'' in (1 + xf^~^~^ f!^_^.{x), where 



ftki^) = (cn-.(LV2j) + c„_fc(L(i - 1)/2J)) o;^ = (1 + 2x + x^) • ^ Cn-kU)x'^ = • 
Therefore, N^{n,k) is the coefficient of x'^ in 



(1 - (1 - .^^ 



Finally, this gives 

1'. Type k = n. In this case 

|B2t| = |B2t+i| =ct{n-t-l)= (^~^ 
and the total number of objects is 

2. Type C„. We have 

[Btl = ct{2n- k-t) ■ Cn-k{l{k-t)/2\), for integer < t < A; - 1 

IBtl = Ck^i{2n — k — t), for integer k < t < 2n — k 

Thus, the total number of objects is 

k-l 2n-k 

N^{n, k) = Y ct(2n - k - t) ■ c„_fc(L(fe - t)/2}) + ^ Cfc_i(2n - k - t) = 
t=0 t=k 
k-l k 

^ct(2n -k-t)- Cn-k{[{k - t)l2\) + Ck{2n - 2k) = ^ct(2n -k-t)- Cn-k{[{k - t)/2\). 

t=0 t=0 

In other words, N^{n, k) is the coefficient of x^ in (1 + where 

fS-k{^)=Y.<'n-k{\}/2\)x^ = {1+X)YC^_,{J)X^^ = ,^^ttk^, . 
i>Q j>0 ^ > 
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Therefore, {n, k) is the coefficient of in (1 + x)^" '^"'"^ • (1 — x^) so we get 



7V^(n, k) = N^{n, k) = (^^j • 2^ 
3. Type Dn-, k < n — 2. First, we observe that 
^kin) ■= \{n> Xi> . . . > Xk> -Ajfc_i, Xi G Z}| = 

J2\{n>Xi>...> Xk-i =p,Xie Z}| • (2p + 1) = 5I(2P + l)cfe-2(n - p), 

p>0 p>0 

and so 

1 1 + x 



Y^Sk{n)x^= {^{2p + l)xP 

n>0 \P>0 



Similarly, 

tk{n) := |{n + 1/2 > Ai > . . . > Ajfc > -Ajk_i, G 1/2 + Z}| = 

^ |{n + 1/2 > Ai > . . . > Afe_i =p+ 1/2, Xi G 1/2 + Z}| • (2p + 2) = J^(2p + 2)cfe_2(n - p), 

p>0 p>0 

and so 

1 2 



n>0 \P>0 



Now 

\Bt\ = ct{2n-k-2-t)sn-kil{k-t)/2\), for integer < t < A; - 1 

|Bt+i/2| = ct{2n-k-2-t)tn-k{[{k-t-l)/2\), for integer < t < A; - 1 

|Bt| = Ck-i{2n — k — 2 — t) , for mtegei k < t < 2n — k — 2 

Hence, the total number is 

N^{n,k) = 

k-l 2n-fe-2 

J^Ci(2n -k-2-t)- {sn-kilik - t)/2\) + t„-fe(L(A; - t - 1)/2J)) + ^ Cfe_i(2n - k - 2 - t) = 

t=0 t=k 

k 

J2ct{2n-k-2-t)- {sn-k{[{k - t)/2\) + tn-k{l{k - t - 1)/2J)) . 

t=0 

Thus, N^{n,k) is the coefficient of x'' in (1 + x)'^"'~''~'^ f^_^{x) , where 

fn-ki^) = E i'n-k{[i/2\) + ^„_fc(L(^ - 1)/2J)) x' = 
i>0 

(1 + X) • E Sn~k{j)x^^ + X(l + X) • E tn-k{3)x^^ = 
j>Q j>0 

(l + x)(l + x2) 2(l + x)a; _ (l + x)^ 



(1 — .t2)"-*^+i (1 — (1 — ' 

Therefore, N^(n, k) is the coefficient of .x'^ in (1 + a;)'^"^^'+^(l — which gives 

iV^(n,/fc) = iV-^(n,A;) = Q •2'=. 

This completes the proof. □ 
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9.5. Proofs. Here we explain how the results of the paper imply the Theorems from the Introduction. 



Proof of Theorem \1.2l The exceptional collections are constructed in Theorems 19.11 19.21 and 19.31 They 
have equivariant structure by construction. The number of objects equals the rank of the Grothendieck 
group by Proposition 19.71 □ 

Proof of Corollary[r3 Recah that Y = g xg (G/P) = x (G/P))/G, with respect to the natural 
right action of G on ^ and the left action on G/P. By fElj, Theorem 9.6, the derived category 'D{Y) 
is equivalent to 'D{g x (G/P))*^, the category of G-equivariant objects in 'D{Q x (G/P)). Consider the 
object Og ^ £^ ^ T>{Q x (G/P)) with its natural G-equivariant structure. By the above observation it 
gives an object Ey S T^O^) such that for any point x G X we have 

\CY)\p-^(x) = . 

Thus we can apply Theorem 3.1 from |S07 j and conclude that the functors 

are fully faithful and subcategories ^\{'D{X)) C T^iY) are semiorthogonal. This means that we have a 
semiorthogonal decomposition 

V\Y) = {{<^\V{X))}^^^,A), 

where A = nAGB^*l''^(^(-''^))- Now if X has an exceptional collection Fi of length = rkKQ[X) then the 
objects p*Fi ® Sy form an exceptional collection of length N ■ in I^(i^), so if #B = rki^o(G/P) then 
this number equals rkKQ{X) ■ rkKQ{G/F) = rki^o(^); so we have an exceptional collection of expected 
length on y. □ 

Proof of Theorem \1.5[ Part (i) is given by Theorem 15.101 Part (ii) follows from Proposition 13.131 com- 
bined with Proposition 16.3! and Theorem 17.11 Part (iii) is a combination of Theorems 19. H 19. 2| and 19.31 
with Proposition 19.71 □ 

Proof of Theorem \1.8[ This is just Proposition 14.21 □ 

9.6. Usual Grassmannians. In this section we speculate that our construction might still work with a 
certain weakening of the assumption (j24p (so that .Dout is not necessarily connected) . Namely, we consider 
the case X = Gr{k, n), the usual Grassmannian, and apply formally the procedure of section[5]to the data 
for which (j24p does not hold to construct collections of expected length in T)^[X). Of course, our proof 
of part (b) of the criterion of exceptionality (see Proposition 13.13]) does not work in this situation, so we 
do not have a proof of exceptionality of this collection. However, we believe that all these collections are 
exceptional and full. 

Since the result of this section is only conjectural, we skip the intermediate calculations (which are 
analogous to those for isotropic Grassmannians) and only state the final answer. 

Let G = SL„ and L = (GL^ x GL/) n SL„ {n = k + I). In the framework of the paper we could take 
-^^out to be either of the two connected components of \ /3. Let us take instead Z?out to be the union 
of both, that is -Dout = Dq \ (3. Of course we violate here the assumption (I24p . 

Moreover, we arbitrarily renumber the vertices of Dq, in such a way that Da = Dq,\{1, . . . , a} is always 
connected and contains (3 = a„_i. In other words, to obtain from Dq, the chain of Dynkin diagrams Da 
we keep chopping off one of the end-points of the diagram until only /3 is left. 

It is clear that such renumberings are in a bijection with isotopy classes of monotone curves C in a 
k X I rectangle on an integer grid going from the point (A;, I) to the point (0, 0) and not passing through 
integer points. We will describe a conjectural exceptional collection corresponding to an isotopy class of 
such a curve. 
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(57) B, 



Moreover, in fact we will allow the curve to pass through integer points (this corresponds to allowing 
to chop off both end-points simultaneously). 

So, assume we are given such a curve C. Consider the sequence of points Qq, Qi, . . . , Qm of intersection 
of C with the edges of the grid squares (some of the points Qi can lie at the vertices of the squares) and 
let {xi,yi) be the coordinates of Qi. Set 

ai = [xi\ , bi = [yi\ , Ci = k - \xi] , di = I - \yi\ . 

Then consider the blocks 

di + i> \i> ■ ■ ■ > \a,>i = K,+i = • • • = Afc, 

Afc+l = • • • = Xn-b, = > \n-b,+l > • • • > A„ > —Ci 

(in particular, Bq = {0}). Note that the total number of weights in those blocks is 
#(BoUB.U...uB.„).g('-^^ "■)('•-■). (^^'). 

which is the rank of the Grothendieck group of X = Gr(A;, n). The equality above has a simple combina- 
torial proof — the RHS is the number of Young diagrams inscribed in the rectangle, we divide the set of 
all such diagrams into subsets numbered by the point of intersection of the border of the diagram with 
the curve C, the summands in the LHS correspond to the parts of this decomposition. 
We have the following 

Conjecture 9.8. The collection {Aq,Ai, . . . ,Am) with subcategories Ai = {U^)xeBi o,nd blocks Bj given 
by ()57p is a semiorthogonal decomposition of V^{Gr {k,n)), each component of which is generated by an 
exceptional collection. 

Remark 9.9. One special case is interesting. Assume / = k, and take for C the segment of the straight line 
from (k, k) to (0, 0). Then m = k and Qi = {i, i) so that ai = bi = i, Ci = di = k — i. The corresponding 
exceptional collection is invariant with respect to the outer automorphism of G\r{k,2k). 

10. Appendix. The Key-Proposition 

For a dominant weight A = (Ai > . . . > A„) of GL„ we write A > (and say that A is nonnegative) 
if A„ > 0. Such weights correspond to partitions. Let wq denote the longest element of the symmetric 
group 5„. The goal of this Appendix is to prove the following 

Let o" be a partition with at most n — a parts. Denote by 

Ucr : Rep— GL„ — > Rep— GL„ 

the projector which acts identically on all representations with highest weight v — WQa with i/ being 
a partition with at most a parts, and by zero on all other irreducible representations. We say that a 
morphism / : Vi — > V2 of representations of GL„ is a (j-isomorphism if Haif) ■ ^aiVi) ^(7(^2) is an 
isomorphism. 

Proposition 10.1. Fix an integer a, < a < n. Let k be a partition with at most a parts, and let a, r 
be partitions with at most n — a parts (all viewed as weights ofGLn). Finally, let W be a representation 
which is a direct summand of . In other words, we assume that the highest weights of all irreducible 
summands of W are nonnegative. Then the natural maps 

(58) y-""''^ (S)W ^V^ 0V-'"'>^ (E)U^{V-'"''^ (S)W) and 

(59) V (g> U^{V-'"'>^ (^W)^V''^ y^""'^ 0W ^ Y^-mr ^ 
are a -isomorphisms. 
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Remark 10.2. For the purposes of this paper we need only the first part of the above Proposition. 
However, since the situation is pretty symmetrical and the proof is the same we prove both parts. 

We will only use the following corollary of the case cr = of the above Proposition. 

Corollary 10.3. Fix a, < a < n — 1. Let k and v he partitions with < a parts, r a partition with 
< n — a parts, and a partition with < n parts. For I > let 11" ^ be the projector on the category 
of GLn-representations which acts identically on V"^, where Xa+i = . . . = A„, = — and sends all other 
irreducible representations to zero. Then the natural map 

yK-woT ^ ^ y-woT ^yti ^yK^ n^,(y-'"o^ (g) V'') 

induces an isomorphism after applying H^^. 

Proof. Replacing all by /Xj + / we can assume that / = 0. But in this case the assertion follows from 
Proposition 110. Il with cr = 0. □ 

The proof of Proposition 110.11 will take the rest of the section. We start with the following simple 
reduction: 

Lemma 10.4. Let At, a, r and W be as in the Proposition. Assume that the map 

(60) I 

yn-woT ^ ^ y^z ^ y-wor ^ py 

is injective. Then the map (j58p is a a -isomorphism. Similarly, if the map 

(61) I 

yK ^ y-woT ^ ^r ^ yi^-WQT ^ y/ 

is surjective then the map (I59p is a a -isomorphism. 

Proof. It is enough to check that the multiplicities of irreducible summands with highest weights of the 
form /X — woa with fi being a partition with no more than a parts, in the source and the target of 
the composed map (|60p (resp., (j6ip ) are equal. To this end we replace W with any of its irreducible 
summand of the form 1/^, where A > 0, and apply the Littlewood-Richardson rule. The dimension of 
Hom{V^^^°'^ , y^^^o"^ (g) Y^'j is given by the number of semistandard skew tableaux S of shape {/j — woa) \ 
(k — wqt) with the content of weight A, satisfying the lattice permutation condition. Every such skew 
tableau contains a skew subtableau S' of shape /x \ k that still satisfies the lattice permutation condition. 
Let ly be the weight of the content of S'. Then to give S is the same as to give C \ together with a 
pair: 

(i) a semistandard skew tableau of shape h\k with content of weight u, 

(ii) a semistandard skew tableau of shape (z^ — wqct) \ {—wqt) with content A. 
Let A^i (resp., A''2) be the number of choices in (i) (resp., in (ii)). We have 

A^i = dim Hom(F'', V (g V). 

Applying the Littlewood-Richardson rule with k and v switched we can interpret this as the number of 
semistandard skew tableau of shape /U \ with content of weight k. Since = (/x — WQa) \ {v — WQa), 
we deduce that 

Ni = dim Hom(y^-'"o'^, (g) V"-""""). 
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On the other hand, 

N2 = dim Horn (y*^-"""^, y-""'^ (g) V^). 
Thus, if we vary v we get dimension of 

Here the last equahty follows from the fact that for a partition > with no more than a parts and 
nonzero Hom{Vf'-'"o'^ ,V'^ 0V''-'"o'') (resp., Hom(y~"'o'^, l/'^'o^ ® F^)) one necessarily has 1/ C (resp., 
uCX). □ 

So, to deduce the Proposition it suffices to check injectivity (resp. surjectivity) of the map in question. 
Before considering the general case we start with two simple cases. 

Lemma 10.5. If a = t then the composition ()60p is injective (resp., the composition (j6ip is surjective). 

Proof. Indeed, the composition of the first two arrows in (|60p is an embedding. On the other hand, the 
third arrow is a projection onto a dirrect summand, and the other summands do not have irreducible 
components which can be written as — wqt. The case of ()6ip is similar. □ 

Another simple case is the following. 

Lemma 10.6. Assume that the Young diagram a is obtained from r by removing one box and W = V . 
Then the composition ([60]) is injective (resp., the composition ([6T]) is surjective). 

Proof. Indeed, in this case ([601) looks like 

(62) yt^-woa yK ^ y-woa 



yK-woT ^ y ^ yK ^ y-WQT ^ y 

Let us check that the composition sends the highest weight vector v^^wqo- to a nonzero multiple of the 
highest weight vector ® V-woa- 

First, let us introduce some notation. Let ui, . . . ,Un be the standard weight basis in V. Let also e^, 
fk, hk be the standard Chevalley generators of the Lie algebra sin, so that 

iuk, iii = k + l juk+i, iii = k 

ekUi = < ^ JkUi = < and hk = [ek,fk\- 

10, otherwise 10, otherwise 

Denote also 

f[j,i-i] fi ' ^ U{5ln). 

Then one can easily seen that we have 

f[j,i-2], foTk = i-lj^j 
fork=j^i-l 
hi^, for k = j = i — 1 
0, otherwise 

Let TTx : — )> C denote the projection onto the highest weight component. It is well known that a 
singular vector in ® is uniquely determined by its image under 7^;^ (8) id : . We claim 

that the unique singular vector v^_woa ^ V'^~^o'^ ®V oi weight k — wqu can be rescaled so that 

ij^K—WQCF ® id) ("Uk— lootr) = Ui, 
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(63) [efc,/[j,i-i]] 



where i is the number of the component in which —wqt and —woa are distinct (that is a is obtained 
from T by removing a box from (n + 1 — z)-th column). More precisely, we have 

(64) Vn-woa = Vk-wot Ui - fi^lV^-wgr ^ ""j-l f[l,i~l]VK-woT <^ Ul- 

Indeed, it is enough to check that the right-hand side is annihilated by all Ck which can be verified by a 
direct computation using relations (f63]l . 

Note that in the case k = we obtain that the unique singular vector V-^Qa of weight —woa in 
y-woT y is given by 

V-woa = V-woT <^Ui- fi-lV-y,^,r ^ Ui-l f[l,i-l]V-woT ^ Ul- 

Now the first arrow in the composition (f62]l sends v^-woa to the singular vector Vk-woct given by (i64|l . 
The second arrow sends Uk-woo- to 

X = t>K (8> V-woT ®Ui- fi-liv^ (g) V-wor) <^ Ui-l f[l,i-l]{vK 'S' f-WQr) (8) Ul G ^ (g) V~'^°'^ (g) V. 

Note that 

(vr^ (g) id (g) id)(x) = v.^^^ G ® V. 

The projection y-'^o^^F V~'"o^ sends 

f—ujoo" to the highest weight vector V—wgcr 

G y-'"o'^. Therefore, 

the third arrow in the composition (j62p sends x to a highest weight vector y G ® y-woa-^ such that 
TT^iy) = v-woa- Hence, y = (g) ?;_i„oo- as required. 

Now let us prove surjectivity of the composition (]6ip in our case. We will check that the composition 

(g) y-'^oo- yK-WQCr 



yn ^ y-«;oT ^ y ^ yn-WQT ^ y 

sends the highest weight vector ® V-w^a- to a nonzero multiple of the highest weight vector Vf^^woa- 
The first map sends ®v-woa- to a nonzero multiple of (giw-iuoo-j where (tt-^qt- (g id)(w_^(,o-) = Ui. Let 
p : (g y-"'o^ — > yK-wor (ignote the natural map. Since 

it follows that 

{'Kk-Wot ® id)(p (g id)(t>K (g W_u;ocr) = lii- 

Hence, 

(p (g) id)(t;K (g)iy_^j,(,^) = tJ«;-i«o<7, 
which projects to a nonzero multiple of Vk-wou in V'^~'^°°'. □ 

Now we can prove the Proposition. 



Proof. We will only consider the case of the map (j58p . The case of the map (j59p is analogous using the 
corresponding parts of Lemmas 110.51 and 110.61 

First of all, consider the case W = V. Then the composition (I60p is either the map of Lemma llO.51 or 
the map of Lemma |10.6[ In both cases we know that it is injective. 

Now let us check that the injectivity of the map ()60p for W implies its injectivity for W' = V W. 
Indeed, let 

(65) V (E>V = ^V''^ (B{V^'), 
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where all Kj are partitions with at most a-parts, and k! is the partition with (a + 1) parts obtained from 
K by adding a summand equal to 1 (this last summand may be missing). Let also 

(66) y-'""^ 0^ = ^-"'or, ^ -«;or _ 

Then it is clear that 

(67) Y^-^'^r ^ y ^ yK,-w^T ^ yK-w^n ^ (^^«'-«;or^j 

(the last summand is present only if r has less than n — a parts and k. has precisely a parts). Note that 
if the last summand is present then for any W we have Ila{V'^'~'^°'^ (gi W) = 0, since C y'^^'or ^ 
we have Aa+i > 0. Hence, we can omit this last summand when we apply Ho-. 
Consider the following commutative diagram 



n^(0 ®w)(S) n„(0 (g) w) 



F'"- (g) n^(y-'"o^ ^w)®^® n^(0 y-^-o^- (g ly) 



(13 



l66l l 



y (g) n<,(F-'""^ «) w^) © n^(0 1/' 



The first arrow in the first column is injective by the induction hypothesis, and the middle vertical 
arrow in this column is injective by (165p . Note also that the diagonal arrow is injective by the induction 
hypothesis, although we actually do not need to know this. Anyway, the composition of all the maps 
from the top right corner to the bottom left corner is injective, hence the first arrow in the second column 
has to be injective as well. But this is the claim for V ® W . 

Thus, we have checked that composition (j60p is injective for all W = V®^ . It remains to check that 
it is injective for all direct summands of such W . Indeed, assume that W = V®^ = Wi ® W2- Then it is 
clear that composition ()60p for W is the direct sum of compositions ()60p for Wi and W2- Since we know 
this direct sum to be injective, it follows that each summand is injective as well. □ 
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